DOUBLE CONSTRUCTIONS OF FROBENIUS ALGEBRAS, CONNES 
COCYCLES AND THEIR DUALITY 
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Abstract. We construct an associative algebra with a decomposition into the direct sum of 
the underlying vector spaces of another associative algebra and its dual space such that both 
of them are subalgebras and the natural symmetric bilinear form is invariant or the natural 
antisymmetric bilinear form is a Connes cocycle. The former is called a double construction 
of Frobenius algebra and the latter is called a double construction of Connes cocycle which is 
interpreted in terms of dendriform algebras. Both of them are equivalent to a kind of bialge- 
bras, namely, antisymmetric infinitesimal bialgebras and dendriform D-bialgebras respectively. 
In the coboundary cases, our study leads to what we call associative Yang-Baxter equation in an 
associative algebra and D-equation in a dendriform algebra respectively, which are analogues of 
the classical Yang-Baxter equation in a Lie algebra. We show that an antisymmetric solution of 
associative Yang-Baxter equation corresponds to the antisymmetric part of a certain operator 
called O-operator which gives a double construction of Frobenius algebra, whereas a symmetric 
solution of D-equation corresponds to the symmetric part of an O-operator which gives a dou- 
ble construction of Connes cocycle. By comparing antisymmetric infinitesimal bialgebras and 
dendriform D-bialgebras, we observe that there is a clear analogy between them. Due to the 
correspondences between certain symmetries and antisymmetries appearing in the analogy, we 
regard it as a kind of duality. 
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1. Introduction 

Throughout this paper, an associative algebra is a nonunital associative algebra. There are 
two important (nondegenerate) bilinear forms on an associative algebra given as follows. 

Definition 1.0.1. A bilinear form £>( , ) on an associative algebra A is invariant if 

B(xy, z) = B(x,yz), Vx,y,z£A. (1.0.1) 

Definition 1.0.2. An antisymmetric bilinear form oj( , ) on an associative algebra A is a cyclic 
1-cocycle in the sense of Connes if 

co(xy, z) + uj(yz, x) + uj(zx, y) = 0, Vx,t/,z 6 A. (1.0.2) 

We also call uj a Connes cocycle for abbreviation. 

1.1. Probenius algebras. A Frobenius algebra (A,B) is an associative algebra A with a non- 
degenerate invariant bilinear form B( , ). It was first studied by Frobenius ([FroJ) in 1903 and 
then named by Brauer and Nesbitt ([BrN]). In fact, Frobenius algebras appear in many fields 
in mathematics and mathematical physics, such as (modular) representations of finite groups 
( |Kap| ), Hopf algebras ( |LSj ). statistical models over 2-dimensional graphs ([B FN] ). Yang-Baxter 
equation ([St]), Poisson brackets of hydrodynamic type ( jBaNj ) and so on. In particular, they 
play a key role in the study of topological quantum field theory ( |Koj . [RFFSj, etc.). There are 



a lot of references on the study of Frobenius algebras (for example, see Kap or [Y] and the 
references therein). 

A Frobenius algebra (A, B) is symmetric if B is symmetric. In this paper, we mainly consider 
a class of symmetric Frobenius algebras (^4, B) satisfying the following conditions: 

(1) A = A\ © A\ as the direct sum of vector spaces; 

(2) A\ and A\ are associative subalgebras of A; 

(3) B is the natural symmetric bilinear form on A\ © A\ given by 

B(x + a*,y + b*) = (x,b*) + (a*,y), Vx,y G A u a*,b*eA* v (1.1.1) 
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where (,) is the natural pair between the vector space A\ and its dual space ^4*. We call it a 
double construction of Frobenius algebra. 

Such a double construction of Frobenius algebra is quite different from the "double extension 
construction" of a Lie algebra with a nondegenerate invariant bilinear form ( [Kac| . [MR1-2], 
etc.) or the "T*-extension" of Frobenius algebra given by Bordemann in [Bo]. 

Moreover, the above double constructions of Frobenius algebras were also considered by 
Zhelyabin in [Z] and Aguiar in [A3] (under the name of "balanced Drinfeld double Df,(A)") 
with different motivations and approaches respectively. They are closely related to Lie bialge- 
bras. Lie bialgebras were introduced by Drinfeld ([D]) and they play a crucial role in symplectic 
geometry and quantum groups. They are equivalent to Manin triples (see [CPj and the references 
therein or subsection 5.2). 

It is easy to show that the commutator of a Frobenius algebra from the above double con- 
struction gives a Manin triple (hence a Lie bialgebra). Furthermore, such a double construction 
has many properties similar to a Lie bialgebra. It is equivalent to an antisymmetric infinitesimal 
bialgebra (which is the same structure under the names of "associative D-algebra" in [Z] and 
"balanced infinitesimal bialgebra" in the sense of the opposite algebra in [A3] ) and under a 
"coboundary" condition, it leads to an analogue of the classical Yang-Baxter equation ( [Sej ) in 
an associative algebra A\ 

rvirvz + n 3 r 2 3 - r 23 r 12 = 0, (1-1-2) 
where r = ^ x« ® y« € A\ ® A\ and 

i 

n 2 r 13 = y~]xjXj ® 3/i <8> Vj, r 13 r 23 = ^Xj<g> xj <g> ViVj, r 23 r 12 = '^x j <g> x^yj <g> y { . (1.1.3) 

In particular, an antisymmetric solution of the above equation in A\ gives a double construction 
of Frobenius algebra (A = Ax © A\, B). 

On the other hand, we introduce the new notion of antisymmetric infinitesimal bialgebra in 
order to express explicitly its relation with the known notion of infinitesimal bialgebra, although 
there are certain notions for the same or similar structures. An infinitesimal bialgebra is a triple 
(A,m,A), where (A,m) is an associative algebra, (A, A) is a coassociative algebra and 

A(ab) = ^abx ® b 2 + ^ a x <g> a 2 6, Va,6eA (1-1-4) 

It was introduced by Join and Rota ( | JR] ) in order to provide an algebraic framework for the 
calculus of divided difference. Furthermore, Aguiar studied the cases of principal derivations 
and gave the associative Yang-Baxter equation ( |Alj ) 

?Wi2 - n 2 r 23 + r 23 ri3 = 0. (1.1.5) 

Note that equation (1.1.2) is equation (1.1.5) in the opposite algebra and, when r is antisym- 
metric, equation (1.1.5) is just equation (1.1.2) under the operation cri 3 (x ®y®z) = z(&y(£>x. 
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We would like to point out that although there have been many results on the double con- 
structions of Frobenius algebras, there has not been a complete and explicit interpretation yet. 
In fact, most of these results were given in a scattered way with different motivations. For 
example, Zhelyabin in [Z] introduced the notion of associative D-algebra as an important step 
to develop a bialgebra theory of Jordan algebras (there was not an explicit study of coboundary 
cases for the associative algebras themselves) . In |A3j , Aguiar introduced the notion of balanced 
infinitesimal bialgebra and then studied the antisymmetric solution of equation (1.1.5) in order 
to compare them with Lie bialgebras and the classical Yang-Baxter equation in a Lie algebra 
respectively, and the balanced Drinfeld double D{,(A) appears as an important consequence. We 
will formulate the known results by a different and systematic approach (for example, the "in- 
variant" antisymmetry appears naturally). Moreover such an approach is useful and convenient 
for the whole study in this paper. 

1.2. O-operators and dendriform algebras. When r is antisymmetric, besides the standard 
tensor form (1.1.2) or (1.1.5), the associative Yang-Baxter equation has an equivalent operator 
form, that is, a special case of a certain operator called O-operator. An O-operator associated 
to a bimodule (I, r, V) of an associative algebra A is a linear map T : V —■ A satisfying 

T(u) -T(v) =T(l(T(u))v + r(T(v)u)), Vu,veV. (1.2.1) 

In fact, an antisymmetric solution of associative Yang-Baxter equation is an O-operator asso- 
ciated to the bimodule (R*,L*). The notion of O-operator was introduced in [BGN1] (such a 
structure appeared independently in [U] under the name of generalized Rota-Baxter operator) 
which is an analogue of the O-operator defined by Kupershmidt as a natural generalization of the 
operator form of the classical Yang-Baxter equation ( [Ku3| and a further study in [Bail]). Con- 
versely, the antisymmetric part of an O-operator satisfies the associative Yang-Baxter equation 
in a larger associative algebra. 

From an O-operator, one can get a dendriform algebra. Dendriform algebras are equipped 
with an associative product which can be written as a linear combination of nonassociative 
compositions. They were introduced by Loday ( |Lol| ) with motivation from algebraic X-theory 
and have been studied quite extensively with connections to several areas in mathematics and 
physics, including operads ( |Lo3| ). homology ([Fral-2]), Hopf algebras ( |Cha2| . [Hl-2], [Ron] . 
[LR2]), Lie and Leibnitz algebras ( |Fra2| ). combinatorics ( [LR1] ). arithmetic( |Lo2] ) and quantum 
field theory ( [Flj ) and so on (see [EMP] and the references therein). 

Furthermore, there is a compatible dendriform algebra structure on an associative algebra A 
if and only if there exists an invertible O-operator of A, or equivalently, there exists an invertible 
(usual) 1-cocycle (see equation (3.1.6)) associated to certain suitable bimodule of A QBGN2J). 
Thus a close relation between the associative Yang-Baxter equation (hence the antisymmetric 
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infinitesimal bialgebras and the double constructions of Frobenius algebras) and dendriform 
algebras is obviously given (see also [A3], [El-2]). 

1.3. Connes cocycles. Note that a Connes cocycle given by equation (1.0.2) is in fact a 
Hochschild 2-cocycle which satisfies antisymmetry. It corresponds to the original definition 
of cyclic cohomology by Connes ([C]). Also note that in cyclic cohomology a cyclic n-cocycle 
in the sense of Connes is an n + 1 linear form, although a Connes cocycle was called a cyclic 
2-cocycle in some references (like |A3j ) from some different viewpoints. Moreover, although 
Connes used it in the unital framework and in the nonunital framework cyclic homology has a 
very different behavior, we still use the terminology "Connes cocycle" in this paper. 

In this paper, we will see that, from a nondegenerate Connes cocycle on an associative algebra 
A, one can get a compatible dendriform algebra structure on A. Moreover, the dendriform alge- 
bra structures play a key role in the following constructions of nondegenerate Connes cocycles, 
which is one of the main contents in this paper. We call (A, to) a double construction of Connes 
cocycle if it satisfies the following conditions: 

(1) A = Ai © A\ as the direct sum of vector spaces; 

(2) A is an associative algebra and A\ and A\ are associative subalgebras of A; 

(3) oj is the natural antisymmetric bilinear form on A\ © A\ given by 

u}{x + a*,y + b*) = -{x,b*) + (a*,y), Vx,y € A lt a*,b*€A$, (1.4.1) 

and w is a Connes cocycle on A. 

In this paper, the double construction of Connes cocycle is interpreted in terms of dendriform 
algebras. We find that such a structure is quite similar to a double construction of Frobenius al- 
gebra or a Lie bialgebra. Briefly speaking, a double construction of Connes cocycle is equivalent 
to a certain bialgebra structure, namely, a dendriform D-bialgebra structure. Both antisym- 
metric infinitesimal bialgebras and dendriform D-bialgebras have many similar properties as Lie 
bialgebras. In particular, there are the so-called coboundary dendriform D-bialgebras which lead 
to another analogue (D-equation in a dendriform algebra) of the classical Yang-Baxter equation. 
A symmetric solution of the D-equation corresponds to the symmetric part of an O-operator, 
which gives a double construction of Connes cocycle. 

1.4. Duality between bialgebras. By comparing antisymmetric infinitesimal bialgebras and 
dendriform D-bialgebras, we observe that there is a clear analogy between them. Moreover, 
due to the correspondences between certain symmetries and antisymmetries appearing in the 
analogy, we regard it kind of duality. 

There is a similar study in the version of Lie algebras QCPJ, [Bai2]). In fact, there is also a 
double construction of a Lie algebra with a nondegenerate invariant bilinear form (Manin triple 
or Lie bialgebra) or with a nondegenerate 2-cocycle of Lie algebra (parakahler Lie algebra or 
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pre-Lie bialgebra). There are the 0-operators and a kind of algebras called pre-Lie algebras 
(Lie-admissible algebras whose left multiplication operators form a Lie algebra) which play the 
same roles of the O-operators and dendriform algebras. And there is a similar duality between 
Lie bialgebras and pre-Lie bialgebras. 

Moreover, due to Chapoton ( [Chal] ). there is a close relationship among the Lie algebras, 
associative algebras, pre-Lie algebras and dendriform algebras as follows (in the sense of com- 
mutative diagram of categories). 

dendriform algebras — > pre-Lie algebras 

associative algebras — > Lie algebras 
We will extend the above relationship at the level of bialgebras with the dualities in a com- 
mutative diagram. In particular, the relation between antisymmetric infinitesimal bialgebras 
(the special case of infinitesimal Hopf algebras) and Lie bialgebras have been mentioned in [A3] . 
Furthermore, these types of bialgebras fit into the general framework of "generalized bialgebras" 
as introduced by Loday in |Lo4| . 

The paper is organized as follows. In section 2, we give an explicit and systematic study 
on the double constructions of Frobenius algebras and then get the associative Yang-Baxter 
equation naturally. In section 3, we introduce the close relations between O-operators and 
dendriform algebras. In section 4, we study the double constructions of Connes cocycles in 
terms of dendriform algebras. In section 5, we give the clear analogy between antisymmetric 
infinitesimal bialgebras and dendriform D-bialgebras, which we regard it as a kind of duality. 
After recalling a similar duality between Lie bialgebras and pre-Lie bialgebras, we express a close 
relationship among associative algebras, Lie algebras, pre-Lie algebras and dendriform algebras 
at the level of bialgebras. 

Throughout this paper, all algebras are finite-dimensional, although many results still hold 
in the infinite-dimensional case. 

2. Double constructions of Frobenius algebras and another approach to 

associative Yang-Baxter equation 

2.1. Bimodules and matched pairs of associative algebras. 

Definition 2.1.1. Let A be an associative algebra and V be a vector space. Let I, r : A — >• fll(V) 
be two linear maps. V (or the pair (l,r), or (l,r, V)) is called a bimodule of A if 

l(xy)v = l(x)l(y)v, r(xy)v = r(y)r(x)v, l(x)r(y)v = r(y)l(x)v, V x, y € A, v G V. (2.1-1) 

In fact, according to [Scj, (I, r, V) is a bimodule of an associative algebra A if and only if the 
direct sum A © V of vector spaces is turned into an associative algebra ( the semidirect sum) by 
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defining multiplication in A © V by 

(xi + v{) * (x 2 + v 2 ) = xi ■ x 2 + (l(xi)v 2 + r(x 2 )vi), Vxi, x 2 € A,v±, v 2 G V. (2.1.2) 

We denote it by A x^ r V or simply A kV . 
The following conclusion is obvious. 

Lemma 2.1.2. Let (l,r,V) be a bimodule of an associative algebra A. 

(1) Let l*,r* : A — > Ql(V*) be the linear maps given by 

(l*(x)u*,v) = (l(x)v,u*), (r*(x)u*,v) = (r(x)v,u*), Vx eA,u*£ V*,v G V. (2.1.3) 

Then (r*,l*,V*) is a bimodule of A. 

(2) (l,0,V), (0,r,V), (r*,0,V*) and (0,1*, V*) are bimodules of A. 

Example 2.1.3. Let A be an associative algebra. Let L(x) and R(x) denote the left and right 
multiplication operator respectively, that is, L(x)(y) = xy, R(x)(y) = yx for any x,y G A. Let 
L : A — s- Ql(A) with x — > L(x) and R : A — > gl(A) with x — > i?(x) (for every x G A) be two linear 
maps. Then (L,0), (0,i?) and (L,i?) are bimodules of A. On the other hand, (R*,0), (0,L*) 
and (R*, L*) are bimodules of A, too. 

Theorem 2.1.4. Let (A, •) ami (B,o) be two associative algebras. Suppose that there are linear 
maps Ia^a '■ A — >■ qI(B) and Ib^b '■ B — >■ Ql(A) such that (Ia^a) is a bimodule of A and 



{Ib^b) is a bimodule of B and they satisfy the following conditions: 

l A (x)(a ob) = l A {r B {a)x)b + (l A (x)a) o b; (2.1.4) 

r^(x)(a o b) = rA(ls(b)x)a + a o (r A (x)b); (2.1.5) 

l B {a){x ■ y) = l B (r A (x)a)y + (l B (a)x) ■ y; (2.1.6) 

r B {a)(x ■ y) = r B (lA(y)a)x + x • (r B {a)y); (2-1.7) 

l A {lB{a)x)b + (r A (x)a) o 6 - r A (r B (6)x)a - a o (U(x)6) = 0; (2.1.8) 

l B (lA(x)a)y + (re(a)x) • y - r B (r A (y)a)x - x ■ (/s(a)y) = 0, (2.1.9) 



/or any x,y £ A,a,b £ B. Then there is an associative algebra structure on the direct sum A@B 
of the underlying vector spaces of A and B given by 

(x + a)*(y + b) = {x-y + l B {a)y + r B {b)x) + {aob+lA{x)b+rA{y)a), Vx, y G A, a, b G B. (2.1.10) 

We denote this associative algebra by A tx^'^ B or simply A xi B. On the other hand, every 
associative algebra with a decomposition into the direct sum of the underlying vector spaces of 
two subalgebras can be obtained from the above way. 

Proof. It is straightforward. □ 
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Definition 2.1.5. Let (A,-) and (B,o) be two associative algebras. Suppose that there are 
linear maps Ia, r a '■ A — > Ql(B) and Ib^b '■ B — > gl(A) such that (Ia^a) is a bimodule of A and 
{Ibi^s) is a bimodule of -B. If equations (2.1.4)-(2.1.9) are satisfied, then (A, B, Ia, ta, Ib, tb) 
is called a matched pair of associative algebras. 

Remark 2.1.6. Obviously B is an ideal of A txi i? if and only if = r# = 0. If B is a trivial 
(that is, all the products of B are zero) ideal, then A Xq 4 ^' 4 -B = j4 tXi A ,r A -B- Moreover, some 
other special cases of Theorem 2.1.4 have already been studied. For example, the case that A is 
left -B-module and B is a right ^-module was considered in |Alj . that is, I a = and re = 0. 

2.2. Double constructions of Frobenius algebras and antisymmetric infinitesimal 
bialgebras. Recall that a (symmetric) Frobenius algebra is an associative algebra A with a 
nondegenerate (symmetric) invariant bilinear form. Let (A, •) be an associative algebra. Sup- 
pose that there is an associative algebra structure "o" on its dual space A*. We construct an 
associative algebra structure on the direct sum A © A* of the underlying vector spaces of A and 
A* such that (A, ■) and (A* , o) are subalgebras and the symmetric bilinear form on AQ)A* given 
by equation (1.1.1) is invariant. That is, (A A*,B) is a symmetric Frobenius algebra. Such a 
construction is called a double construction of Frobenius algebra associated to (A, •) and (A*, o) 
and we denote it by (A \x\ A* , B) . 

Theorem 2.2.1. Let {A, •) be an associative algebra. Suppose that there is an associative algebra 
structure "o " on its dual space A* . Then there is a double construction of Frobenius algebra as- 
sociated to (A, •) and (A* , o) if and only if (A, A* ,R* ,L* , R*,L*) is a matched pair of associative 
algebras. 

Proof. If (A, A*, R* , L* , i?*, L*) is a matched pair of associative algebras, then it is straightfor- 
ward to show that the bilinear form (1.1.1) is invariant on the associative algebra A £< R *' L * A* 
given by equation (2.1.10). Conversely, set 

x * a* = Ia(x)o* + rA* (a*)x, a* * x = Ia* (a*)x + r^(x)a*, V x G A, a* € A* . 

Then (A, A*, I a, ?Ai Ia*i r A*) is a matched pair of associative algebras. Note that 

(l A (x)a*,y) = (r A (y)a*,x) = (y ■ x, a*), {l A * (b*)x, a*) = (r A * {a*)x, b*} = {a* o b*,x), 

where x, y G A, a*, b* G A*. Hence, I a = R*, ta = L* , I a* = Rl, rA* = L*. □ 

Proposition 2.2.2. Let (A, •) be an associative algebra. Suppose that there is an associative 
algebra structure "o" on its dual space A*. Then (A, A* , R* , L* , R*, L*) is a matched pair of 
associative algebras if and only if for any x G A* a* ,6* G A* , 

R*(x)(a* o b*) = R*(L* (a*)x)b* + (R*(x)a*) o b*; (2.2.1) 

R*(R*(a*)x)b* + L*(x)a* o b* = L* (L* (b*)x)a* + a* o (R*(x)b*). (2.2.2) 
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Proof. Obviously, equation (2.2.1) is just equation (2.1.4) and equation (2.2.2) is just equation 
(2.1.8) in the case Ia = R*,ta = L*, Is = I a* = R* -, r B = fA* = L%. By equation (2.1.3), it is 
easy to show that in this situation, 

equation (2.1.4) equation (2.1.5) equation (2.1.6) -^=> equation (2.1.7); 

equation (2.1.8) <^=> equation (2.1.9). 
Therefore the conclusion holds. □ 

Before the next study, we give some notations as follows. Let A be an associative algebra. 
Let a : A® A — > A® Abe the exchange operator defined as 

o(x ® y) = y ® x, Vx,y G A. (2.2.3) 

There are several ways to make A ® A into a bimodule of A. For example, let id be the 
identity map on A. Then (id® L,R® id) given by (for any x,a,b 6 A) 

(id®L)(x)(a®b) = (id®L(x))(a®b) = a®xb, (R ® id) (x) (a ® b) = (R(x)®id)(a®b) = ax®b, 

(2.2.4) 

is a bimodule of A. Similarly, (L ® id, id ® R) is also a bimodule of A. In fact, equation (1.1.4) 
given in the introduction can be rewritten as 

A(ab) = (L(a) ® id)A(b) + (id ® R(b))A(a), (2.2.5) 

which gives the notion of infinitesimal bialgebra ( [ JRJ ) . 

For a linear map (f) : V\ — >• p^, we denote the dual (linear) map by 0* : V^* — > V* given by 

(v,<f>*(u*)) = (cj)(v),u*), VveV 1} u*eV 2 . (2.2.6) 

Theorem 2.2.3. Let (A, ■) be an associative algebra. Suppose there is an associative alge- 
bra structure " o " on its dual space A* given by a linear map A* : A* ® A* — >• A* . Then 
(A, A* , R* , L* , R*, L*) is a matched pair of associative algebras if and only if A : A — > A ® A 
satisfies the following two conditions: 

A(x ■ y) = (id ® L.(x))A(y) + ® id)A(x); (2.2.7) 

(L.(y) (giid -id® R.(y))A(x) + cr[(L.(x) ®id-id® R.(x))A(y)} = 0, Vx, y £ A. (2.2.8) 

n 

Proof. Let {ei, • • • , e n } be a basis of vl and {ej, • • • , e* } be its dual basis. Set &i • e, = ^ c^ e fc 

fc=i 

n n 

and e* o e* = ^ f^t- Therefore, we have A(e&) = ^ ® ej and 
fc=l i,j=l 

n n n n 

fe=l fc=l fc=l k=l 

Hence the coefficient of ej ® in 

A(ei • e m ) = (id ® L.( ei ))A(e m ) + (i?.(e m ) ® id)A(ei) 
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gives the following relation (for any i,j,k,m) 



c mifjk — y^i. C mlfu + tfiflk) 
1=1 1=1 

which is just the relation given by the coefficient of in 



R*(ei)(e * o e%) = R* ■(L* (e* j )e i )e* k + (R^e^e*) o e* k . 



Similarly, equation (2.2.8) corresponds to equation (2.2.2). 



□ 



Remark 2.2.4. From the symmetry of the associative algebras (A,-) and (A*,o) appearing 
in the double construction, we also can consider the operation j3 : A* — > A* <g> A* such that 
f3* : A ® A —7- A gives an associative algebra structure on A. It is easy to show that A satisfies 
equations (2.2.7) and (2.2.8) if and only if (3 satisfies 



(L (b*)®id-id®R (b*))/3(a*) + a[(L {a*)®id-id®Ro(a*))/3(b*)] =0, Va*,6* G A. (2.2.10) 



Definition 2.2.5. Let A be an associative algebra. An antisymmetric infinitesimal bialgebra 
structure on A is a linear map A : A — >■ j4 ® A such that 

(a) A* : A* ® ^4* — > A* defines an associative algebra structure on A*; 

(b) A satisfies equations (2.2.7) and (2.2.8). 
We denote it by (A, A) or (A, A*). 

Corollary 2.2.6. Let (A,-) and (A*, a) be two associative algebras. Then the following condi- 
tions are equivalent. 

(1) There is a double construction of Frobenius algebra associated to (A,-) and (A*,o); 

(2) (A, A*, R*, L* , R*, L*) is a matched pair of associative algebras; 

(3) (A, A*) is an antisymmetric infinitesimal bialgebra. 

Proof. It follows from Theorems 2.2.1 and 2.2.3. □ 

Remark 2.2.7. As we have pointed out in the introduction, an antisymmetric infinitesimal 
bialgebra is exactly an associative D-algebra in [Z] where the above equivalence between (1) 
and (3) was given and a balanced infinitesimal bialgebra in the sense of the opposite algebra in 
[A3] where the corresponding double construction of Frobenius algebra was called a balanced 
Drinfeld double as an important consequence. On the other hand, the notion of antisymmetric 
infinitesimal bialgebra is due to the fact that equation (2.2.7) (in the sense of the opposite 
algebra) corresponds to equation (2.2.5) which gives the notion of infinitesimal bialgebra and 
equation (2.2.8) expresses certain antisymmetry. 



{3(a* o b*) = {id <8> L (a*))/3(6*) + (R (b*) ® td)/9(o*); 



(2.2.9) 
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Definition 2.2.8. Let (A,Aa) and (B,Ab) be two antisymmetric infinitesimal bialgebras. A 
homomorphism of antisymmetric infinitesimal bialgebras ip : A — > B is a homomorphism of 
associative algebras such that 

((p®<p)A A (x) = A B (<p(x)), ViGA (2.2.11) 

An isomorphism of antisymmetric infinitesimal bialgebras is an invertible homomorphism of 
antisymmetric infinitesimal bialgebras. 

Definition 2.2.9. Let [A\ xi A\,B\) and (A 2 X A\,B-i) be two double constructions of Frobe- 
nius algebras. They are isomorphic if and only if there exists an isomorphism of associative 
algebras <p : A\ X A\ — >■ A 2 tx A2 suc b that 

^(Ai) = A 2 , ^AJ) = A2, y) = ^B 2 (x, y) = BaM*), <p(y)), Vx, y G A x x AJ . (2.2.12) 

Proposition 2.2.10. Two double constructions of Frobenius algebras are isomorphic if and only 
if their corresponding antisymmetric infinitesimal bialgebras are isomorphic. 

Proof. Let (Ai x A*, £>i) and (A 2 IX AJj, 5 2 ) be two double constructions of Frobenius algebras. 
Let {ei, ■ ■ ■ , e„} be a basis of A\ and {e^, ■ ■ ■ , e* } be its dual basis. If p : A\ x A\ — > A 2 x A* 2 
is an isomorphism of double constructions of Frobenius algebras, then ^\a\ '■ A\ — >■ A 2 and 
(^1^4* : AJ — > A\ are isomorphisms of associative algebras. Moreover, p\a\ = (vUi)*" 1 since 

(vU*(e*), y(ej)> = B 2 ((f\A* 1 (e*),(p(e j )) = Bi(e*,ej) = <% = (e*,eA 

= (ffrUJ-^ej) = (MaJ*- 1 ^*),^)). 

Hence (Ai,A*) and (A 2 ,A^) are isomorphic as antisymmetric infinitesimal bialgebras. Con- 
versely, let (p' : Ai — >■ A 2 be an isomorphism between two antisymmetric infinitesimal bialgebras 
(Ai, A\) and (A 2 , A|). Set <p : Ai © AJ A 2 © A^ be a linear map given by 

ip(x) = (ff{x),<p{a*) = (v'*y\a*), Vx G Ai,a* G A*. 

Then it is easy to show that ip is an isomorphism of double constructions of Frobenius algebras 
between (Ai x A\,B\) and (A 2 x A?;,^). □ 

Example 2.2.11. Let (A, A) be an antisymmetric infinitesimal bialgebra. Then its dual (A*, f3) 
given in Remark 2.2.4 is also an antisymmetric infinitesimal bialgebra. 

Example 2.2.12. Let A be an associative algebra. If the associative algebra structure on A* is 
trivial, then either (A, 0) or (A, A*) is an antisymmetric infinitesimal bialgebra. Moreover, its 
corresponding Frobenius algebra is given by the semidirect sum A ix A* with the natural 
invariant bilinear form B given by equation (1.1.1). Dually, if A is a trivial associative algebra, 
then the antisymmetric infinitesimal bialgebra structures on A are in one-to-one correspondence 
with the associative algebra structures on A*. 
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Example 2.2.13. Let (A, A*) be an antisymmetric infinitesimal bialgebra. In the next subsec- 
tion, we will prove that there exists a canonical antisymmetric infinitesimal bialgebra structure 
on the direct sum A © A* of the underlying vector spaces of A and A* . 

2.3. Coboundary (principal) antisymmetric infinitesimal bialgebras. In fact, for an 
associative algebra A, A : A — >■ A <g) A satisfying equation (2.2.7) is a 1-cocycle or a derivation 
of A associated to the bimodule (id ® L,R® id). So it is natural to consider the special case 
that A is a 1-coboundary or a principal derivation. 

Definition 2.3.1. An antisymmetric infinitesimal bialgebra (A, A) is called coboundary if there 
exists a r G A <g) A such that 

A(x) = (id®L(x)-R(x)®id)r, Vx G A. (2.3.1) 

Let A be an associative algebra and r E A® A. If A : A — > A (g> A is given by equation (2.3.1), 
then it is obvious that A satisfies equation (2.2.7). Therefore, (A, A) is an antisymmetric 
infinitesimal bialgebra if and only if the following two conditions are satisfied: 

(1) A* : A* ® A* — >■ A* defines an associative algebra structure on A*. 

(2) A satisfies equation (2.2.8). 

Lemma 2.3.2. ([Al, Proposition 5.1]) Let A be an associative algebra and r G A® A. Define 
A : A -> A <g> A by 

A(a) = [L(x) <8> id - id <g> R(x)]r, VieA (2.3.2) 
Then A* : A* ® A* — > A* defines an associative algebra structure on A* if and only if 

(L(x) ®id®id - id® id® R(x))(ri 3 ri 2 + r 23 ri 3 - ri 2 r 23 ) = 0, Vx G A, (2.3.3) 

where the notations r^r^, ^23^13, ri 2 r 2 3 are given similarly as equation (1.1.3). 

Therefore for (1), we use a similar discussion to get the following conclusion. 

Proposition 2.3.3. Let A be an associative algebra and r G A (g> A. Define A : A — > A <S> A by 
equation (2.3.1). Then A* : A* A* — >■ A* defines an associative algebra structure on A* if and 
only if 

(id (8) id <g) L(x) — R(x) (®id<® id)(ri 2 r\3 + ri3r 2 3 — r 2 3r\ 2 ) = 0. Vx G A. (2.3.4) 

Proposition 2.3.4. Let A be an associative algebra and r G A (g> A Define A : A A® A by 
equation (2.3.1). TTien A satisfies equation (2.2.8) if and only if r satisfies 

\L(x) ®id- id® R(x)][id® L(y) - R(y) <g>id](r + a(r)) = 0, Vx,y G A. (2.3.5) 

Proof. It is straightforward. □ 

Combining Proposition 2.3.3 and Proposition 2.3.4, we have the following conclusion. 
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Theorem 2.3.5. Let A be an associative algebra and r E A ® A. Then the linear map A 
defined by equation (2.3.1) induces an associative algebra structure on A* such that (^4,^4*) is 
an antisymmetric infinitesimal bialgebra if and only if equations (2.3.4) and (2.3.5) are satisfied. 

Theorem 2.3.6. Let (A, A A ) be an antisymmetric infinitesimal bialgebra. Then there is a 
canonical antisymmetric infinitesimal bialgebra structure on the direct sum A © A* of the under- 
lying vector spaces of A and A* such that both the inclusions i\ : A — > A® A* and i 2 ■ A* — > ^4©^4* 
into the two summands are homomorphisms of antisymmetric infinitesimal bialgebras. Here the 
antisymmetric infinitesimal bialgebra structure on A* is (A*, —(3a*), where (3a* '■ A A* ® A* 
is given in Remark 2.2.4. 

Proof. Let r G A ® A* C (4©4*)®(4®#) correspond to the identity map id : A -)■ A. Let 

n 

{e±, • • • , e n } be a basis of A and {e^, • • • , e* } be its dual basis. Then r = ^ ej ® e*. Suppose 

i=l 

that the associative algebra structure "*" on A © A* is given by AT>{A) = A txi R «' L « A*. Then 
by Theorem 2.1.4, we have (for any x,y £ A,a*,b* G A*) 

x * y = x ■ y, a* *b* = a* ob*, x * a* = R*(x)a* + L*(a*)x, a* * x = R (a*)x + L*(x)a*. 

If r satisfies equations (2.3.4) and (2.3.5), then 

A AV (u) = (id ® L(u) - R(u) ® id)r, V u G AD (A), 

induces an antisymmetric infinitesimal bialgebra structure on AD (A). 

In fact, for equation (2.3.5), we prove a little stronger conclusion (for any fi G AD(A)) : 

(id®L(fj,) — R(fj,)®id)(r + a(r)) = ^^(ej ®/x*e* + ej® /U*ej — ej*/z® e* — ej */4® e^) = 0. (2.3.6) 

i 

If jJL = ej, then 

^2 e i ® e j * e i = ^2 e ™ ' e 3 ® e * m + ° e i) e * ® e ™ ; X] e i ® e j* e i = ^2 ^ ® ^ ' ^ 

i m i,m i i 

^2 e i * e j ® e *i = ^2 e i- e j ® e*; e* * © ej = ^(e,, e m o e*)e m © e» + ^ e^ ® e^- • e m . 

i i i,m m 

Hence equation (2.3.6) holds for jjl = ej by exchanging some indices. Similarly, equation (2.3.6) 
holds for fi = e*. Therefore equation (2.3.5) holds. Furthermore, 

ri2?~i3 + r 13 r 2 3 - r 23 r 12 = ^{ e j ® e i* e *j® e i ~ e j • ej ® e* ® e* - e« ® ej ® e* o e*}. 
Since ej * e* = XX(e*, e m • ej)e^ + (e* o e m , ej)e m ), we show that r 12 r 13 + r 13 r 23 - r 23 r 12 = 0. So 

m 

AD (A) is an antisymmetric infinitesimal bialgebra. 
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For Ci € A, we have 

^Av(ei) = ^2{(e* m ,e k ■ e;)e m © e* k + (e* m oe* k ,ei)e m © e fc - (e* m .e k ■ ei)e m © e* k } 

m,k 

= X^ e ™ ° e *ki e i) e m © e k = A A (ei). 

m,k 

Therefore the inclusion i\ : A — > A © A* is a homomorphism of antisymmetric infinitesimal 
bialgebras. Similarly, the inclusion i 2 ■ A* — > A © A* is also a homomorphism of antisymmetric 
infinitesimal bialgebras since A_4x>(e|) = — ) 5^*(e*), where /3,4* is given in Remark 2.2.4. □ 

Definition 2.3.7. Let (^4,^4*) be an antisymmetric infinitesimal bialgebra. With the antisym- 
metric infinitesimal bialgebra structure given in Theorem 2.3.6, A © A* is called an associative 
double of A. We denote it by AV{A). 

Remark 2.3.8. If we use the opposite algebra, then Theorem 2.3.6 and its proof overlap [A3, 
Theorem 5.9 and Proposition 5.10] partly. Moreover, the associative double AT>(A) is a balanced 
Drinfeld double which was denoted by D\,{A) in [A3]. 

Corollary 2.3.9. Let (^4,^4*) be an antisymmetric infinitesimal bialgebra. Then the associative 
double AT>(A) of A is an antisymmetric infinitesimal bialgebra and it is a symmetric Frobenius 
algebra with the bilinear form given by equation (1.1.1). 

2.4. Associative Yang-Baxter equation and its properties. 

Corollary 2.4.1. Let A be an associative algebra and r € A © A. Suppose that r is antisym- 
metric. Then the map A defined by equation (2.3.1) induces an associative algebra structure on 
A* such that (A, A*) is an antisymmetric infinitesimal bialgebra if 

?Wi3 + ri 3 r 2 3 - r 23 ri2 = 0. (2-4.1) 

Definition 2.4.2. Let A be an associative algebra and r € A © A. Equation (2.4.1) is called 
associative Yang-Baxter equation in A. 

Remark 2.4.3. In [Alj and [A3J . the associative Yang-Baxter equation is given as 

ri3?-i2 + ^23^13 - n 2 r 2 3 = 0. (2.4.2) 
Note that equation (2.4.1) is equation (2.4.2) in the opposite algebra. Moreover, if r satisfies 
(L(x) © id® id — id® id(g> R{x)){r\ 2 + r 2 \) = 0, then ([A3, Lemma 3.4]) 

0-13(^12^13 + n3?"23 - r 22l ri 2 ) = r 13 r 12 + r 23 r 13 - r 12 r 23 , (2.4.3) 

where the linear map a± 3 : A®A®iA^-A®iA®iA is given by o~i 3 (x © y © z) = z © y © x for 
any x,y,z E A. In particular, when r is antisymmetric, the above two associative Yang-Baxter 
equations are equivalent. 
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In order to be self-contained, in the following we give some properties of associative Yang- 
Baxter equation from the point of view of Frobenius algebras, although some of them have 
already been given in [A3| . Let A be a vector space. For any r G A ® A, r can be regarded as a 
map from A* to A in the following way: 

(u* ®v*,r) = (u*,r(v*)), Vii*,D*ei*. (2.4.4) 

Proposition 2.4.4. Let (A, •) be an associative algebra and r G A ® A be an antisymmetric 
solution of associative Yang-Baxter equation in A. Then the associative algebra structure on the 
associative double AT>(A) is given from the products in A as follows. 

(a) a* * b* = a* o b* = R*(r{a*))b* + L*(r{b*))a*, for any a*,b* G A*; (2.4.5) 

(b) x * a* = x ■ r(a*) - r(R*(x)a*) + R*(x)a*, for any x G A, a* G A*; (2.4.6) 

(c) a* * x = r{a*) ■ x - r{L*{x)a*) + L*{x)a* , for any x G A, a* G A* . (2.4.7) 

Proof. Let {ei, • • • , e n } be a basis of A and {ej, • • • , e* } be its dual basis. Suppose that e« • ej = 
J2 k c^efc and r = ^ • a^ei ® &j, where ay = — a^. Then for any i, we have 

Therefore we show that (for any i,j) 

e i e *i = ^2( a n4i ~ a ij c lt) e t = ^2(au(e t ■ e u e*) - ay (ei • e t , e*))e* t 
i,t i,t 

t 

Similarly, equations (2.4.6) and (2.4.7) hold. □ 

Theorem 2.4.5. ([A3, Proposition 2.1]) Let A be an associative algebra and r G A ® A. 
Suppose that r is antisymmetric and nondegenerate. Then r is a solution of associative Yang- 
Baxter equation in A if and only if the inverse of the isomorphism A* — > A induced by r, regarded 
as a bilinear form to on A (that is, u(x,y) = (r~ 1 x,y) for any x,y G A), is a Connes cocycle. 

Corollary 2.4.6. Let {A, •) be an associative algebra and r G A® A be a nondegenerate anti- 
symmetric solution of associative Yang-Baxter equation in A. Suppose the associative algebra 
structure " o " on A* is induced by r from equation (2.4.5). Then we have 

a* ob* =r- l {r{a*)-r{b*)), Va*,6*GA*. (2.4.8) 

Therefore r : A* — > A is an isomorphism of associative algebras. 

Proof. Set ui(x,y) = (r~ 1 (x),y) for any x,y G A. Then a; is a Connes cocycle of A. Hence 
(a* o b*,x) = (r(b*) ■ x, a*) + (x ■ r(a*), b*) = u{r(a*),r(b*) ■ x) + u{r(b*),x ■ r{a*)) 
= -uj(x,r{a*) -r{b*)) = (r- l {r(a*) -r(b*)),x), Va*,6* G A*,x G A. 
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So equation (2.4.8) holds. Therefore r is an isomorphism of associative algebras. □ 
Next we turn to the general antisymmetric solutions of associative Yang-Baxter equation. 

Theorem 2.4.7. Let (A, •) be an associative algebra and r £ A® A be antisymmetric. Then r 
is a solution of associative Yang-Baxter equation in A if and only if r satisfies 

r(a*)-r(b*)=r(R*(r(a*))b* + L*(r(b*))a*), Va*,b*eA*. (2.4.9) 

Proof. Let {e\, ■ ■ ■ , e n } be a basis of A and {e\, • • • , e* } be its dual basis. Suppose that ei ■ ej = 
^2 k c^-ejfc and r = Ylij a ij e i ® e i> a ij = —a-ji- Hence r(e*) = Y^k a ki^k- Then r is a solution of 
associative Yang-Baxter equation in A if and only if (for any k) 

y^S c ™l a ik a jl - 4k a jl a km ~ ^nfilm^ik) = 0. 
m,l 

The left-hand side of the above equation is just the coefficient of e m in 

r(e*) • r(e*) - r(R*(r(e*))e* + L*(r(e*))e*). 

Therefore the conclusion follows. □ 

Combining Proposition 2.4.4 and Theorem 2.4.7, we have the following conclusion which 
extends Corollary 2.4.6. 

Corollary 2.4.8. Let (A, •) be an associative algebra andr £ A® A be an antisymmetric solution 
of associative Yang-Baxter equation in A. Suppose the associative algebra structure " o " on A* 
is induced by r from equation (2.4.5). Then we have 

r{a* ob*) = r(a*) -r(b*), Va*,6*eA*. (2.4.10) 

Therefore r : A* — >■ A is an homomorphism of associative algebras. 

Recall that two Frobenius algebras (Ai,Bi) and (^2, #2) are isomorphic if and only if there 
exists an isomorphism of associative algebras ip : A\ — > A2 such that 

B 1 (x,y) = <p*B2(x,y)=B 2 (<p(x),<p(y)), Vx,y € (2.4.11) 

Theorem 2.4.9. Let (A, •) be an associative algebra. Then as Frobenius algebras, the Frobenius 
algebra (A A*,B) given by an antisymmetric solution r of associative Yang-Baxter equa- 

tion in A is isomorphic to the Frobenius algebra (A t<R* t L* A*,B), where B is given by equation 
(1.1.1). However, in general, they are not isomorphic as the double constructions of Frobenius 
algebras (or equivalently, as antisymmetric infinitesimal bialgebras). 

Proof. Let r be an antisymmetric solution of associative Yang-Baxter equation in A. Define a 
linear map ip : A Kr» l* A* — >■ A ixi R *'„ A* satisfying 

ip(x) = x, <p(a*) = -r(a*) + a*, VxeA,a*eA*. 
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It is straightforward to show that ip is an isomorphism of associative algebras. Moreover, 

tp*B(x + a*,y + b*) = {a*, -r(b*) + y) + (x - r(a*), b*) = (a*,y) + (x, b*) = B(x + a*,y + b*). 

Therefore <p is an isomorphism of Frobenius algebras. However in general, as antisymmetric 
infinitesimal bialgebras, they are not isomorphic. In fact, ifip is an isomorphism of antisymmetric 

R* L* 

infinitesimal bialgebras between A Kr* l* A* and A cxi R ,' r * A*, then for any u*,v* € A*, there 
exist a*,b* £ A* such that ip{a*) = u*,ifj(b*) = v* . However, tp(a* ob*) = and ip(a*) *ip{b*) = 
u* * v* = R*(r(a*))b* + L*{r(b*))a* is not zero in general, which is an contradiction. □ 

Corollary 2.4.10. Let (A, •) be an associative algebra. Then as Frobenius algebras, the Frobe- 
nius algebras {A t<\ R ,' L , A*,B) given by all antisymmetric solutions of associative Yang-Baxter 
equation in A are isomorphic to the Frobenius algebra given by the zero solution. 

2.5. Associative Yang-Baxter equation and O-operators. 

Definition 2.5.1. Let (A, •) be an associative algebra and (I, r, V) be a bimodule. A linear map 
T : V — > A is called an O-operator associated to (I, r, V) if T satisfies 

T(u) -T(v) = T(l(T(u))v + r(T(v)u)), Vu,veV. (2.5.1) 

Example 2.5.2. Let (A, •) be an associative algebra. Then the identity map id is an O-operator 
associated to the bimodule (L,0) or (0, R). 

Example 2.5.3. Let (A, •) be an associative algebra. A linear map R : A — > A is called a 
Rota-Baxter operator on A of weight zero ( |Bax| , |Rot| ) if R satisfies 

R(x)-R(y) = R(R(x)-y + x-R(y)), V x,y £ A. (2.5.2) 

In fact, a Rota-Baxter operator on A is just an O-operator associated to the bimodule (L, R). 

Example 2.5.4. Let (^4, •) be an associative algebra and r G A® A be antisymmetric. Then r is 
a solution of associative Yang-Baxter equation in A if and only if r is an O-operator associated 
to the bimodule (R*,L*). 

Theorem 2.5.5. QBGN1] ) Let (A, •) be an associative algebra and (l,r,V) be a bimodule. Let 
(r*, I*, V*) be the bimodule of A given by Lemma 2.1.2. Let T : V —> A be a linear map which is 
identified as an element in (A K r * i* V*)<S)(A K r * i* V*). Then r = T — o~(T) is an antisymmetric 
solution of the associative Yang-Baxter equation in Ax. r * i* V* if and only ifT is an O-operator 
associated to the bimodule (l,r,V). 

Corollary 2.5.6. (cf. Corollary 3.1.5) Let (A, •) be an associative algebra. Then 

n 

r = ^(e; ® e\ - e* <g> a) (2.5.3) 



18 



CHENGMING BAI 



is a solution of the associative Yang-Baxter equation in A t<R* t o A* or A Xo,l* A* , where 
{ei,--- ,e n } is a basis of A and , e*} is its dual basis. Moreover there is a natural 

Connes cocycle to onAx^^A* or Akq^» induced by r _1 : A(BA* — >■ (A(BA*)*, which is given 
by equation (1.4.1). 

Proof. Note that id is an O-operator associated to the bimodule (L, 0, A) or (0, R, A). Then the 
conclusion follows from Theorems 2.5.5 and 2.4.5. □ 

3. Dendriform algebras 

3.1. 0-operators and dendriform algebras. 

There are close relations between 0-operators and a class of algebras, namely, dendriform 
algebras, which are given in |BGN2j . In order to be self-contained, we list them in this subsection. 

Definition 3.1.1. ( |Lolj ) Let A be a vector space over a field F with two bilinear products 
denoted by -< and y. (A, -<, y) is called a dendriform algebra if for any x,y,z G A, 

(x -< y) -< z = x -< (y * z), (x y y) ~i z = x y (y -< z), x y (y y z) = (x * y) y z, (3.1.1) 

where x*y = x^y + xyy. 

Let (A, -<,>-) be a dendriform algebra. For any x G A, let L y (x), Ry(x) and L^(x), R^(x) 
denote the left and right multiplication operators of (A, -<) and (A, y) respectively, that is, 

L A x ){v) = x >- V, R>-(x)y = yyx, L < (x)y = x -<y, R^(x)(y) = y -< x, V x,y G A. 

Moreover, let Ly, Ry, L^, R^ : A — > gl(A) be four linear maps with x —t Ly(x), x — > Ry(x),x — > 
L^(x) and x — > R^(x) respectively. It is known that the product given by ( |Lol| ) 



defines an associative algebra. We call (A, *) the associated associative algebra of (A, >-,-<) and 
(A, y, -<) is called a compatible dendriform algebra structure on the associative algebra (A,*). 
Moreover, (Ly,R^) is a bimodule of the associated associative algebra (A, *). 

Theorem 3.1.2. ([BGN2]) Let A be an associative algebra and (l,r,V) be a bimodule. Let 
T : V — > A be an O-operator associated to (l,r,V). Then there exists a dendriform algebra 
structure on V given by 



So there is an associated associative algebra structure on V given by equation (3.1.2) and T is a 
homomorphism of associative algebras. Moreover, T(V) = {T(v)\v € V} C A is an associative 
subalgebra of A and there is an induced dendriform algebra structure on T(V) given by 



x*y = x^y + xyy, Vx, y G A 



(3.1.2) 



u y v = l(T(u))v, u -< v = r(T(v))u, V u, v G V. 



(3.1.3) 



T(u) y T(v) = T{u y v), T{u) -< T(v) = T(u^v), V u, v G V. 



(3.1.4) 
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Its corresponding associated associative algebra structure on T(V) given by equation (3.1.2) is 
just the associative subalgebra structure of A and T is a homomorphism of dendriform algebras. 

Corollary 3.1.3. ([BGN2J) Let (^4,*) be an associative algebra. There is a compatible den- 
driform algebra structure on A if and only if there exists an invertible O -operator of (A, *). 

In fact, if T is an invertible O-operator associated to a bimodule (/, r, V), then the compatible 
dendriform algebra structure on A is given by 

xyy = T(l(x)T- 1 (y)), x < y = T(r{y)T- l {x)), Vx,y e A. (3.1.5) 

Conversely, let (^4, y, -<) be a dendriform algebra and (A, *) be the associated associative algebra. 
Then the identity map id is an O-operator associated to the bimodule (Ly, R^) of (^4, *). 

Remark 3.1.4. If T is an invertible O-operator associated to a bimodule (l,r,V), then the 
linear map / = T" 1 : A -> V satisfies 

f(x*y) = l(x)f(y) + r(y)f(x), Vx,y £ A. (3.1.6) 

Such a linear map is a 1-cocycle of (^4, *) associated to the bimodule (l,r, V). 

Corollary 3.1.5. ([BGN2]) Let (A,y,~<) be a dendriform algebra. Then 

n 

r = ^(e; ® e\ - e\ ® e*) (3.1.7) 

i 

is a solution of the associative Yang-Baxter equation in A Xr* t L* A*, where {ex, • • • ,e n } is a 
basis of A and {e*,--- ,e*} is its dual basis. Moreover there is a natural Connes cocycle oj on 
A K R * >L * A* induced by r~ x : A © A* — > (A © ^4*)*, which is given by equation (1.4.1). 

Remark 3.1.6. It is easy to see that Corollary 2.5.6 is just a special case of the above conclusion, 
that is, the former corresponds to the trivial dendriform algebra structure on an associative 
algebra (A, •) given by y= •, -<= or y= 0, -<= ■. 

3.2. Bimodules and matched pairs of dendriform algebras. 

Definition 3.2.1. ( | A4| ) Let (A, y, -<) be a dendriform algebra and V be a vector space. Let 
Z>_, 7y, L<,r_< : A — > gl(V) be four linear maps. V (or (ly, ry, l^>, r^), or (ly,ry,l^,r^,V)) is 
called a bimodule of A if the following equations hold (for any x,y £ A). 

-< V) = U(x)l*(y); r^(x)l^(y) = l^(y)r*(x); r^(x)r^(y) = r^(y * x); (3.2.1) 

l^(x y y) = ly(x)l^(y); r^(x)ly(y) = ly(y)r^(x); r < (x)ry(y) = ry(y -< x); (3.2.2) 

ly(x *y) = ly(x)ly(y); ry(x%(y) = ly(y)ry(x); ry(x)r*{y) = ry{y y x), (3.2.3) 
where x * y = x y y + x -< y, Z* = ly + l^, r* = ry + r^. 
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By a direct computation or according to [Sc], (ly, ry, l^,r^, V) is a bimodule of a dendriform 
algebra (A, >-,-<) if and only if there exists a dendriform algebra structure on the direct sum 
A © V of the underlying vector spaces of A and V given by (Vx, y 6 A, u, v £ V) 

(x+u) >- (y+v) = x >- y+l y (x)v+r y (y)u, (x+u) -< (y+v) = x -< y+l^(x)v+r^(y)u. (3.2.4) 

We denote it by A K^ i?Vi ^ ir ^ V. 

Proposition 3.2.2. Let (ly,ry,l^,r^,V) be a bimodule of a dendriform algebra (A, >-,-<). Let 
(A, *) be the associated associative algebra. Then we have the following results. 

(1) Both (ly , r_< , V) and (Z>_ + i_< , + r^ , V ) are bimodules of (A, *) . 

(2) For any bimodule (l,r,V) of (A,*), (1,0, 0, r, V) is a bimodule of (A,y, -<). 

(3) 5ot/i (Z>. + Z x ,0,0,r>. + r^,F) and (Z^, 0, 0, r^, V) are bimodules of (A, >-,<). 

(4) Tne dendriform algebras AtK^^^i^^^V and Ax.i y+ i_ <i o ) o jt . y ^ r _ < V aaue t/ie same associated 
associative algebra A ^i y +i^ >ry + r ^ V". 

(5) Let iJL,rJL,Z^,r^ : ^4 -> 0[(V*) 6e Z/ie /inear maps groen fry 

(Z*(x)a*,y) = (^(x)y,a*), (r* (x)a*,y) = (ry(x)y,a*), (3.2.5) 

(l^(x)a*,y) = (U(x)y, a*), (r*^(x)a*,y) = (r^(x)y, a*). (3.2.6) 

Then (r y + r* , — Z* , -r£, Z* + Z^, V*) is a bimodule of (A, >-,-<). 

(6) 5ot/i (r* + r^, 0,0, Z* +Z^,V*) and (r* , 0, 0, Z*, F*) are bimodules of (A, y , -<) . 

(7) Both (r* +<,Z^ + Z! ! ,V r *) and (r*,Z^,F*) are bimodules of (A,*). 

(8) T/ie dendriform algebras A x r » +r * _j* _ r * j« + j« F* and A x r * ,o,o,Jf ^* aawe i/ie same 
associative algebra A tK r * j* V* . 

Proof. It is straightforward. □ 

Example 3.2.3. Let (A, >-,-<) be a dendriform algebra. Then 

(Ly,Ry,L^,R^,A), (Ly,0,0,R^,A) and (L^ + L^, 0, 0, + i?^, A) 
are bimodules of (A, -<,>-). On the other hand, 

(Rt + R^-L^-R^L^+L^A*), (R*,,0,0,L y ,A*) and (R y + R*^,0, 0, L!L + LZ,,A*) 
are bimodules of (A, >-,-<), too. There are two compatible dendriform algebra structures 

A ^ri+r*^ ,l* +l; -4* and ,4 Ki?*,Q,o,L* -4* 
on the same associative algebra A x ^4*. 

Theorem 3.2.4. LeZ (-A, and (B,>-b,<b) be two dendriform algebras. Suppose that 

there are linear maps l yA ,r yA ,l^ A ,r^ A : A — > qI(B) and l yB ,r yB ,l <B ,r <B : B — > Ql(A) such 
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that (ly A ,r yA ,l^ A ,r^ A ) is a bimodule of A and (ly B ,ry B ,l^ B ,r^ B ) is a bimodule of B and they 
satisfy the following 18 equations: 

r^ A (x)(a -<sb) = a -< B {r A {x)b) + r^ A (l B (b)x)a; (3.2.7) 

l^ A {l <B {a)x)b + (r^ A (x)a) -< B b = a -< B (lA(x)b) + r^ A (r B (b)x)a; (3.2.8) 

U A {x){a * B b) = {U A {x)a) < B b + U A {r^ B {a)x)b- (3.2.9) 

r <A (x)(a y B b) = ry A (l <B (b)x)a + a)~ B {r <A {x)b)\ (3.2.10) 

l<A(ly B ( a ) x )b + ( r y A ( x ) a ) <Bb = a)~ B {l <A {x)b) + ry A (r <B (b)x)a; (3.2.11) 

ly A (x)(a < B b) = (ly A (x)a) ^ B b + l^ A (ry B (a)x)b; (3.2.12) 

r yA (x)(a * B b) = a )~ B (r >A {x)b) + r >A (l >B (b)x)a; (3.2.13) 

a y B (ly A (x)b) + r^ A (ry B (b)x)a = ly A (l B (a)x)b + (r A (x)a) >- B b; (3.2.14) 

ly A (x)(a y B b) = (l A (x)a) y B b + ly A (r B (a)x)b; (3.2.15) 

r <B (a)(x ^ A y) = x < A {r B (a)y) + r <B (l A (y)a)x; (3.2.16) 

l < B ( l < A ( x ) a )y + ( r < B ( a ) x ) ^AV = x< A {l B {a)y) + r^ B (r A (y)a)x; (3.2.17) 

l^ B {a){x* A y) = (l <B (a)x) ^ A y + l^ B {r^ A {x)a)y; (3.2.18) 

r <B {a){x y A y) = r >B (l^ A {y)a)x + x y A (r^ B (a)y); (3.2.19) 

1 < B ( 1 >a ( x ) a )y + (*V fl ( a ) x ) ^AV = xy A {1 <B (a)y) + ry s (r <A {y)a)x; (3.2.20) 

ly B (a)(x -< A y) = (ly B (a)x) < A y + l <B {r >A {x)a)y; (3.2.21) 

r >B {a){x * A y)=x y A (ry s (a)y) + r yB (l^ A (y)a)x; (3.2.22) 

x ^A (ly B (a)y) + ry B (r yA (y)a)x = ly B (l A {x)a)y + (r B (a)x) )~ A y; (3.2.23) 

ly B (a)(x y A y) = {l B {a)x) )^aV + ly B {r A (x)a)y, (3.2.24) 



for any x,y <E A,a,b £ B and l A = ly A +l <A ,r A = r >A +r <A , l B = ly B +l <B ,r B = ry s + r <B . 
Then there is a dendriform algebra structure on the direct sum A® B of the underlying vector 
spaces of A and B given by 

(x + a)^{y + b) = {xy A y + ry B (b)x + ly B (a)y) + {ly A {x)b + ry A (y)a + ay B b), (3.2.25) 

(x + a) -< (y + b) = (x< A y + r <B (b)x + l <B (a)y) + (U A (x)b + r <A (y)a + a^ B b), (3.2.26) 
for any x,y £ A,a,b € B. We denote this dendriform algebra by A \^ ] / ~ A ' ryA ' l<A ' r<A B or simply 
A ixi B. On the other hand, every dendriform algebra which is the direct sum of the underlying 
vector spaces of two subalgebras can be obtained from the above way. 

Proof. It is straightforward. □ 
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Definition 3.2.5. Let (A, ^a,<a) and {B,)^b,<b) be two dendriform algebras. Suppose 
that there are linear maps ly A ,ry A ,l^ A ,r^ A : A — > qI(B) and ly B ,ry B ,l^ B ,r^ B : B — > Qi(A) 
such that (ly- A , 7y A , 1 <A , r <A ) is a bimodule of A and (l^ B ,r^ B ,l^ B ,r <B ) is a bimodule of B. If 
equations (3.2.7)-(3.2.24) are satisfied, then (A, B, ly A ,ry A ,l^ A ,r^ A ,ly B ,ry B ,l^ B ,r^ B ) is called 
a matched pair of dendriform algebras. 

Remark 3.2.6. Obviously B is an ideal of A tx B if and only if ly B = ?y B = 1 <B = r <B = 0. 
If B is a trivial ideal, then A ^^ aUa,T<a B^A Ki^,^,^,^ 5. 

Corollary 3.2.7. Let (A, i?, Z^ A , jy A , Z^ s , 7y s , l^ B , r^ B ) be a matched pair of dendri- 

form algebras. Then (A, B, ly A + l^ A , ry A + r^ A , + l^ B , 7y s + r^ B ) is a matched pair of the 
associated associative algebras (A, *a) and (B,*b)- 

Proof. In fact, the associated associative algebra (A x i?, *) is exactly the associative algebra 
obtained from the matched pair (A, B, Ia, rA, Ib, tb) of associative algebras: 

(x + a) * (y + b) = x *a y + Ib{o)v + rsityx + a*sb + Ia{x)o + rA{y)a, Vx, y e A,a,b <E B, 

where l A = ly A + U A ,r A = r >A +r^ A ,l B = 1 >B + U B ,r B = ry s +r^ B . □ 

4. Double constructions of Connes cocycles and an analogue of the classical 

Yang-Baxter equation 

4.1. Connes cocycles and dendriform algebras. 

Theorem 4.1.1. Let (A,*) be an associative algebra and to be a nondegenerate Connes cocycle. 
Then there exists a compatible dendriform algebra structure y,~< on A given by 

u(x >- y, z) = uj(y, z * x), uj(x -< y, z) = co(x, y * z), Vx,y,z£A. (4-1-1) 

Proof. Define a linear map T : A — >■ A* by (T(x),y) = u(x,y), Vx,y € A. Then T is invertible 

and T _1 is an 0-operator of the associative algebra (A, *) associated to the bimodule 

By Corollary 3.1.3, there is a compatible dendriform algebra structure y, -< on (A, *) given by 

xyy = T- 1 R:(x)T(y), x ~< y = T' 1 K(y)T(x), Vx, y e A, 

which gives exactly equation (4.1.1). □ 

Next, we turn to the double construction of Connes cocycles. Let (A, *a) be an associative 
algebra and suppose that there is a associative algebra structure *a* on its dual space A*. We 
construct an associative algebra structure on the direct sum A © A* of the underlying vector 
spaces of A and A* such that both A and A* are subalgebras and the antisymmetric bilinear 
form on A © A* given by equation (1.4.1) is a Connes cocycle on A © A*. Such a construction 
is called a double construction of Connes cocycle associated to (A,* a) and (A*,* a*) and we 
denote it by (T(A) =AmA*,u). 
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Corollary 4.1.2. Let (T(A) = A ex A*,u) be a double construction of Connes cocycle. Then 
there exists a compatible dendriform algebra structure >-,-< on T(A) defined by equation (4.1.1). 
Moreover, A and A* are dendriform subalgebras with this product. 

Proof. The first half follows from Theorem 4.1.1. Let x,y G A. Set x >- y = a + b* , where a € A, 
b* £ A*. Since A is an associative subalgebra of T(A) and u(A, A) = co(A*, A*) = 0, we have 

uj(b*,A*) = uj(b*,A) = uj(x y y,A) = u(y, A * x) = 0. 

Therefore b* = due to the nondependence of oo. Hence x >- y = a € A. Similarly, x ~< y G A. 
Thus A is a dendriform subalgebra of T(A) with the product >-,-<. By symmetry of A and A*, 
A* is also a dendriform subalgebra. □ 

Definition 4.1.3. Let (T(Ai) = A ± ex A\,wi) and (T(A 2 ) = A 2 ex A* 2 ,oj 2 ) be two double con- 
structions of Connes cocycles. They are isomorphic if there exists an isomorphism of associative 
algebras if : T(A±) — > T(A 2 ) satisfying the following conditions: 

y{Ai) = A 2 , ip(Al) = A 2 , ui(x,y) = ip*u 2 (x,y) =u} 2 (<p(x),tp(y)),y x,y e A^ (4.1.3) 

Proposition 4.1.4. Two double constructions of Connes cocycles (T(A\) = A\ ex A\,uj\) 
and (T(A 2 ) = A 2 ex A^,^) are isomorphic if and only if there exists a dendriform algebra 
isomorphism ip : T(A\) — > T(A 2 ) satisfying equation (4.1.3), where the dendriform algebra 
structures on T(A\) and T{A 2 ) are given by equation (4.1.1) respectively. 

Proof. It is straightforward. □ 

Theorem 4.1.5. Let (A, >~a, ~<a) be a dendriform algebra and (A, *a) be the associated associa- 
tive algebra. Suppose that there is a dendriform algebra structure " >~a*-, -<A* " on its dual space 
A* and (A* , *a*) is the associated associative algebra. Then there exists a double construction of 
Connes cocycle associated to (A,* a) a nd (A,* a*) if and only if (A, A* , R^ A , Lt_ A , R^ Af , Lt_ Af ) 
is a matched pair of the associative algebras. Moreover, every double construction of Connes 
cocycle can be obtained from the above way. 

Proof. The conclusion can be obtained by a similar proof as of Theorem 2.2.1. □ 

Corollary 4.1.6. Let (A, y, -<) be a dendriform algebra and (R^,Ly) be the bimodule of the 
associated associative algebra (A, *). Then (T(A) = A A*, u) is a double construction of 

Connes cocycle. Conversely, let (T(A) = A ex A* ,u) be a double construction of Connes cocycle. 
If A* is an ideal ofT(A), then A* is a trivial associative algebra and hence T(A) is isomorphic 
to the semidirect A k l t(A) ,r t{A) A*. Furthermore, this double construction of Connes cocycle is 
isomorphic to the double construction of Connes cocycle (T(A) = A Xj?^,/,^ A*,co) which the 
dendriform algebra structure on A is given by uj from equation (4.1.1). 
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Proof. By Remark 2.1.6, (A, A*, RZ^, Ly, 0, 0) with the associative algebra structure on A* be- 
ing trivial is always a matched pair of associative algebras, the first half follows immediately. 
Conversely, if A* is an ideal, then for any a*,b* € A*, we have 

T(A) * a*, b* * T(A) £ A* ==> u(a* * b*,T(A)) = -u(T(A) * a*,b*) - uo(b* * T(A),a*) = 0. 

Thus a* * b* = 0. Then T{A) is isomorphic to A ^l t{A) ,r t{A) A*. By Remark 2.1.6 again, we 
show that (T(A) = A xi A*,uj) is isomorphic to the double construction of Connes cocycle 
(T(A) = A* K<tL . y A*,u>). □ 

Theorem 4.1.7. Let (A, >~a, ~<a) be a dendriform algebra and (A, *a) be the associated associa- 
tive algebra. Suppose that there is a dendriform algebra structure " >-a*-> -<a* " on its dual space 
A* and (A*,* a*) is the associated associative algebra. Then (A, A* , RZ> A , Ly A , RZ^ A *, ^y A *) is 
a matched pair of associative algebras if and only if 

{A A* P* _1_ P* T * P* T* _l_ T * P* _1_ P* T* P* T* _1_ T * \ 

{A, A ,K yA +R^ A ,-L <A ,-K yA ,L yA +L^ A ,K y ^ + <a* ' ~ -<a* ' ~ >a* ' >a* + L ^a*> 
is a matched pair of dendriform algebras. 

Proof. The "if part follows from Corollary 3.2.7. We need to prove the "only if part. If 

R* L* 

(A,A*,R*_ <A ,Ly A ,R*_ <At ,Ly Af ) is a matched pair of associative algebras, then (A ^ R * A ' ^* 

^A* ' ^A* 

A*,u>) is a double construction of Connes cocycle. Hence there exists a compatible dendriform 

R* L* 

algebra structure on A >3 R * A ' £» A ^* gi yen by equation (4.1.1). By a simple and direct 

^A* ' y A* 

computation, we show that A and A* are its subalgebras and the other products are given by 

x y a* = (R* yA + R* <A )(x)a* - L* A . {a*)x, x -< a* = -R* >A (x)a* + (L*^ + L^ A ,)(a*)x, 

a*yx = (Rt Af + H^ A ,)(a*)x - L* <A {x)a\ a* < x = -R* y ^ (a*)x + [L* >A + L* <A )(x)a\ 

for any x € A, a* € A*. Therefore 

( a a* p* _i_ p* t* p* r* ^ r* p* _i_ p* t* p* r* _i_ r* 
(A, A ,R yA +K^ A ,-L <A ,-K^ A ,L yA +L <A ,K yA » + , -L <A „ , -Hy A , , Ly A , + L <A J 

is a matched pair of dendriform algebras. □ 
4.2. Dendriform D-bialgebras. 

Theorem 4.2.1. Let (A,>~a,~<a) be a dendriform algebra whose products are given by two 
linear maps ■ A <g> A — > A. Suppose that there is a dendriform algebra structure 

" ^A*,~<A* " on its dual space A* given by two linear maps A£_, A^ : A* <g> ^4* — > A*. T/jen 
(t4, A*, -R*< a , ^^ A ) -^< a » > ^£- a * ) i ,s a "matched pair of associative algebras if and only if the fol- 
lowing equations hold (for any x,y £ A and a* ,6* € A*): 

(1) A^{x* A y) = {id®L <A {x))A < (y) + {R A {y)®id)A < {x); (4.2.1) 

(2) A y {x* A y) = {id®L A {x))Ay{y) + {R <A {y)®id)A y {x); (4.2.2) 

(3) I3^(a* * A * b*) = (id®L^ A ,(a*))P^(b*) + (R A *(b*) ® id)^(a*); (4.2.3) 
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(4) (3y(a* * A * b*) = (id ® L A *(a*))Py(b*) + (R^ (b*) ® id)py(a*); (4.2.4) 

(5) (L A (x) ® id - id ® R <A (x))A^(y) + a[(Ly A (y) ® -id ® i? A (y))A^(x)] = 0; (4.2.5) 

(6) (L A * (a*) ®id-id® R <A , (o*))^(6*) + cr[(L^ A , (6*) ® -id ® i?A* (&*))A~(a*)] = 0,(4.2.6) 
where L A = Ly A + L <A , R A = Ry A + R <A ,L A * = Ly A , + L <A , , R A * = Ry A „ + R <A , . 

Proof. Let {e%, ■ ■ ■ , e n } be a basis of A and {ej, • • • , e* } be its dual basis. Set 

n n n n 

e-i s~a ej = 5Jo^-e fc , e, ^a e,- = ^Ji^e*., e* ^a* e* = ^c-je*, e * ^a* e* = ^d-je£. 

fc=l k=l k=l k=l 

Therefore the coefficient of e\ in 

R\ A (e t )(e) *a* e* k ) = RU A (K A , (e*)e t )e* k + R*, A (e t )e* * A * e\ 
gives the following relation (for any i,j,k,l) 

n n 

yi b™(c™ k + djl) = ^2 [cj m bi m + b 3 mi (c l mk + d^ fe )] 

m=l m=l 

which is precisely the relation given by the coefficient of e\ ® e* in 

/3^(e* *a* 4) = (i?A*(4) ®^)^(e}) + (id ® Ly A ,(e)))^(e* k ). 

So equation (2.1.4) in the case l A = R\ A ,r A = Ly A , Is = l A * = RZ> A *,rB = r A* = L y is 
equation (4.2.3). Similarly, in this situation, we have the following correspondences: 

equation (2.1.5)<J=^ equation (4.2.4); equation (2.1.6)<J=^ equation (4.2.1); 

equation (2.1.7)<J=> equation (4.2.2); equation (2.1.8)<^=> equation (4.2.6); 

equation (2.1.9)<J=^ equation (4.2.5). 
Therefore the conclusion holds due to Theorem 2.1.4. □ 

Definition 4.2.2. Let A be a vector space. A dendriform D-bialgebra structure on A is a set 
of linear maps (A_<, A>_, such that A^, A^ : A ->• A ® A, /?_<, f3y : A* ->■ A* ® A* and 

(a) (A!,, A y ) : A* ® A* — ► A* defines a dendriform algebra structure (y A * , -< A *) on A*; 

(b) (/3^, /3JL) : A® A A defines a dendriform algebra structure (>- A , -< A ) on ^4; 

(c) Equations (4.2.1-4.2.6) are satisfied. 

We also denote it by (A,A*,Ay,A^,/3y,P < ) or simply (A, A*). 

Remark 4.2.3. In fact, there have already been the notions of dendriform bialgebra ([LR1-2], 
[Ron], |A4| ) and bidendriform bialgebras ([F2]) which are the special dendriform bialgebras. We 
use the terminology "D-bialgebra" in order to express its relation with the double construction. 
All of these bialgebras are dendriform algebras equipped with coassociative cooperations veri- 
fying some (different) compatibility relations. We would like to point out that the dendriform 
D-bialgebras are quite different from the other types of bialgebras. For example, one of the 
differences is that the term o ® b appears in both A^(a * b) and Ay (a * b) in a bidendriform 
bialgebra, whereas it does not appear in a dendriform D-bialgebra. 
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Theorem 4.2.4. Let (A, -<a,>~a) an d (A*, -<a*, >~a*) be two dendriform algebras. Let (A,* a) 
and (A*,* a*) be the associated associative algebras respectively. Then the following conditions 
are equivalent. 

(1) There is a double construction of Connes cocycle associated to (A,* a) and (A, *a*)- 

(2) (A, A* , R\ A , Lt_ A , R\ At , L*_ Af ) is a matched pair of the associative algebras. 

d\ (A A* P* ip* r* p* r* i r* p* i p* t* p* t* _i_t* \ 

(6) (A, A ,Ky A +K <A , -L <A , -Ky A , L yA +L <A , Ky At +K <Ati ,-L <Ar ,-Ky A<f ,Ly At +L <A J 

is a matched pair of dendriform algebras. 

(4) (A, A*) is a dendriform D-bialgebra. 

Proof. It follows from Theorems 4.1.5, 4.1.7 and 4.2.1. □ 

Definition 4.2.5. Let (A, A*, A y , A^, /3 y , £<) and (B, B* , A y , A^, /3 y , £«) be two dendriform 
D-bialgebras. A homomorphism of dendriform D-bialgebras ip : A — > B is a homomorphism of 
dendriform algebras such that ip* : B* — > A* is also a homomorphism of dendriform algebras, 
that is, (f satisfies 

(ip ® <f)A y (x) = A y (ip(x)), (ip ® ^)A^(ar) = A^(ip(x)), 

(ip* ® ip*)Py(a*) = fc(<p*(a*)), (ip* <8> (a*) = /W(a*)), (4.2.7) 

for any x € A, a* € 5*. An isomorphism of dendriform D-bialgebras is an invertible homomor- 
phism of dendriform D-bialgebras. 

Proposition 4.2.6. Two double constructions of Connes cocycles are isomorphic if and only if 
their corresponding dendriform D-bialgebras are isomorphic. 

Proof. It follows from a similar proof as of Proposition 2.2.10. □ 

Example 4.2.7. Let (A, A*, A y , A^, (3 y , be a dendriform D-bialgebra. Then its dual 
(A*, A, fJ y ,/3^>, A y , A^) is also a dendriform D-bialgebra. 

Example 4.2.8. Let (A, >-a, ~<a) be a dendriform algebra. If the dendriform algebra structure 
on A* is trivial, then (A, A* ,0,0, (3 y , (3^) is a dendriform D-bialgebra. And its corresponding 
dendriform algebra is A X r* +r* -l* ,-R* ,L* +L* A*. Moreover, its corresponding double con- 
struction of Connes cocycle is just the semidirect sum A ^R% a ,l^ A* with the bilinear form 
u given by equation (1.4.1). Dually, if A is a trivial dendriform algebra, then the dendriform 
D-bialgebra structures on A are in one-to-one correspondence with the dendriform algebra struc- 
tures on A*. 

Example 4.2.9. Let (A, A*) be a dendriform D-bialgebra. In the next subsection, we will prove 
that there exists a canonical dendriform D-bialgebra structure on the direct sum A © A* of the 
underlying vector spaces of A and A* . 
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4.3. Coboundary dendriform D-bialgebras. By Theorem 4.2.1, we have shown that both 
A^ and A^ (j3y and respectively ) are the 1-cocycles of the associated associative algebra 
(A,* a) ((A*,*a*) respectively). So it is natural to consider the special case that they are 
1-coboundaries or principal derivations, as we have done in subsection 2.3. 
Let (A, >-,-<) be a dendriform algebra and ry, ry G A ® A. Set 

Ay(x) = (id ® L(x) - R^(x) ® id)r y ; (4.3.1) 

A^(x) = (id ® L y (x) - R(x) ® id)r^ (4.3.2) 
for any x £ A. It is obvious that A^ satisfies equation (4.2.1) and A^ satisfies equation (4.2.2). 
Moreover, by equation (4.2.5), we show that 

(L(x) ®id-id® R^(x))(id ® Ly(y) - R(y) ® id)(r^ + <r(r y )) = 0, Vx, y E A. (4.3.3) 

Therefore (A, A^, A^, j3y, /3^) is a dendriform D-bialgebra if and only if the following conditions 
are satisfied: 

(1) A y ,AZ, : A* ® A* A* defines a dendriform algebra structure on A*. 

(2) /3y,(3^ satisfy equations (4.2.3-4.2.4) and (4.2.6), where the dendriform algebra structure 
on A* is given by (1). 

Proposition 4.3.1. Let (A, >-,-<) be a dendriform algebra whose products are given by two 
linear maps /3y,/3Z> '■ A® A — > A and ry,r^ € A® A. Suppose there exists a dendriform algebra 
structure " >~a*,^A* " on A* given by A^,A^ : A* ® A* ^ A* , where Ay and A < are two 
linear maps given by equations (4.3.1) and (4.3.2) respectively. Then 

(1) Equation (4.2.3) holds if and only ifr y ,r^ satisfy 

[R^(x) ® Ly(y) -id®Ly(y -< x) - R^(y y x) ® id](r y + ry) = 0, \/x,y <E A. (4.3.4) 

(2) Equation (4.2.4) holds if and only ifr y ,r^ satisfy equation (4.3.4). 

(3) Equation (4.2.6) holds if and only if ry,r^ satisfy (for any x,y € A) 

[Ly(x) ® id - id ® R^(x)][-id ® Ly(y) + R^(y) ®id](ry + ry) 
+ [Ly(x) ®id-id® R < (x)][Ry(y) ® id(r^ + a(ry)) - id® L < (y)(a(r^) + ry)] = 0. (4.3.5) 

Proof. Let {e±, ■ ■ ■ , e n } be a basis of A and {ej, • • • , e* } be its dual basis. Set 

r < = s ^a i je i ®ej, ry = b^ej ® ej. 

ra n n n 

e * >- e i = X] a ^' efc ' e * ^ e i = 6 ^' efc ' e ** ^ e i = 4 e fc' e ** ^ e *j = Y d ij e *k- 

k=l k=l k=l k=l 

By equations (4.3.1) and (4.3.2), we have (for any i,k,l) 

n n 

4l = \Pkm(a l im + b l im ) - b ml b k mi ], 4 = Wkm4 m - a ml (a k mi + b k mi )\. (4.3.6) 

m=l m=l 
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(1) Equation (4.2.3) holds (taking a* = e*,b* = e*) if and only if (for any i,j,m,t) 

n n 

J>*. + d%)b k mt = J> mfe 4 + + **)\- 

k=l k=l 

Substituting equation (4.3.6) into the above equation and after rearranging the terms suitably, 
we have 

(Fl) + (F2) + (F3) + (F4) + (F5) + (F6) = 0, 

where 

(F3) = ^(au + buK-aifi^); (FA) = £ + &&) ~ 

(F5) = £(a i3 + 6 ii )(tt-yL); (F6) = ^ a/ ,K fc 6L-aL^)- 

(Fl) is the coefficient of ej ® in [12^ (et) ® L>(e m )](ry + r^); 
(F2) = by interchanging the indices k and /; 
(F3) is the coefficient of ej ® in — [id ® L > (e m -< et)](ry + r^); 
(F4) = since the term in the bracket is the coefficient of ej in 

e m ~< (e t >- ei + e t ~< e/) - (e m -< e n ) -< e; = 0; 

(F5) is the coefficient of ei ® in — [i?^(e m >- et) ® id](ry + r^). 
(F6) = since the term in the bracket is the coefficient of e^ in 

ei y (e m ~< e t ) - {e t y e m ) -< e t = 0. 

Therefore we have 

[R^{e t ) ® L y (e m ) - id® L y (e m -< e t ) - R^(e m y e t ) ® id]{r y + r^) = 0. 

(2) Similarly, we show that equation (4.2.4) holds if and only if ry , satisfy equation (4.3.4). 
In fact, comparing with the proof in (1), the difference appears in (F2)', (F4)' and (F6)', where 

(F2)' = J2( a mk a u ~ a% kt a ml) = ® by interchanging the indices k and I; 

k,l 

(FA)' = Yl bu(a k nt b 3 kl — o? mh b\ l ) = since the term in the bracket is the coefficient of ej in 

k,l 

(e m y et) -<ei-e m y (e t ~< e/) = 0; 

(F6)' = ^ a ii[ a lt( a f m + bi m ) — o-mt a ik\ = since the term in the bracket is the coefficient of 

k,l 

ei in -ei y (e m y e t ) + (e/ y e m + e x ~< e m ) y e t = 0. 

(3) Equation (4.2.6) holds (taking a* = e*,b* = e*) if and only if (for any i,j,m,t) 

n 

Et( c ™ + W - KnAi + 4 m c)i - 4i(c% + <%)] = o. 

1=1 
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Substituting equation (4.3.6) into the above equation and after rearranging the terms suitably, 
we have 

(Fl) + (F2) + (F3) + (F4) + (F5) + (F6) + (F7) + (F8) + (F9) + (F10) = 0, 

where 

(Fl) = £( *' + 6 «)(-^>fcJ 
k,l 

(F2) = Y.^lk + blkK-aiM 

k,l 

(F3) = J2( a ki + b lk )(-4mtft) 

k,l 

(F4) = ^( aik + b kl )(-al k V tl ) 
k,l 

(F5) = y^jcLik + b ik )a l mk b\ t id <8> R < (e t )Ly(e m )(ry + r^); 

(F6) = ^a fci ((4 + 4)6^ ^^®^( et )F^(e w )( CT (r^)); 
fc,i 

(F7) = ^b ik lP u b l mk ^id®R H (e t )L^(e m )(r y ); 

k,l 

k,i 

( F9 ) = ^2 a kja l km ali =^ Ly(e t )Ry(e m )®id(r < ); 
k,l 

(F10) = ^^fc«L(aL + 4) =>^(e t )^(e m )i8)idK^)). 

Therefore equation (4.3.5) holds. □ 

By the definition of a dendriform algebra, we have the following conclusion (cf. [F2]). 

Lemma 4.3.2. Let A be a vector space and Ay, A^ : A (8 A — > A be two linear maps. Then 
, At, : A* (8 A* — > A* define a dendriform algebra structure on A* if and only if the following 



conditions are satisfied: 

(1) (A^ <8 id)A^ = {id (8) (A^ + A^))A^; (4.3.7) 

(2) (id ® A^)Ay = (A>_ <8 id)A^; (4.3.8) 

(3) (id ® A^)A^ = ((Ay + A^) ® id)A^. (4.3.9) 



Proposition 4.3.3. Let (A, y, -<) 6e a dendriform algebra and ry,r^ € >1(8>.A. Define Ay, A^ : 
A ->• A (8> ^4 6y equations (4.3.1-4.3.2). Then A y ,A* < :A*®A*—' A* define a dendriform algebra 



-R^(e m ) <8 R^(e t )(ry + r^); 
-Ly(e t ) <8 Ly(e m )(ry + r^); 
-^(em) ® i?^(e t )(cj(r^) + r-<); 
-i>(e t ) (8) L^(e m )(ry + <r(r_<)); 



30 CHENGMING BAI 

structure on A* if and only if the following equations are satisfied (for any x € A) 



(R(x) <8 id 8> id)[(r <jl2 * r <jl3 + r^i 3 -< ry, 23 - r^, 23 >~ ^,12) 

+^,13 >- (^,23 + ?V, 23 ) - (r^,23 + ry,23) ~< ^,1 2 ] 

+(r-<,23 + ?V i23 ) -< [(id <8 L^(x) <8 id)r^ 12 ] 

+(id <8 id (8 Ly(x))(-r <tl2 * r^,i 3 - r <jl3 -< r y>23 + r^ )23 >- r^,i 2 ) 

-[(id ® id ® L^(x))r 13 ] >- (ry, 23 + r^ j23 ) = 0; (4.3.10) 
(R^(x) (8 id <8 id)(r^ ;23 * ?V,r2 ~ »V,i2 ~< ^,i 3 - 7V ; i 3 y r^ j23 ) 

-(id (8) id (8) L y (x))(r^, 23 * ry,^ - ry,i2 -< ^,13 - ?y,i3 >- ^ )23 ) = 0; (4.3.11) 
(i?^(x) O id (8) id)(-r^ ) i 3 * ?y i23 + ry )23 -< 7y,i 2 - r^ 12 y 7y,i 3 ) 

-(*V,i2 + r <tl2 ) < [(R^(x) ® id ® ljry.is] 

+[(id (8 -R^(x) <8 id)r^ i23 ] >- (ry,^ + r^i 2 ) 

+(id (8 id (8 L(x))[7y,i 3 * ry j23 - 7y j23 -< 7y,i 2 + r^i 2 >- r Xi i 3 

+(r>-,i2 + ^,12) -< r y> i 3 - ry i23 y (ry,i 2 + r^i 2 )] = 0. (4.3.12) 
T/ie operation between two rs is given in an obvious and similar way as equation (1.1.3). 

Proof We need to prove that equations (4.3.7-4.3.9) are equivalent to equations (4.3.10-4.3.12) 
respectively. Here we only give an explicit proof that equation (4.3.10) holds if and only if 
equation (4.3.7) holds since the proof of the other two equations is similar. Let x £ A. After 
rearranging the terms suitably, we divide equation (4.3.7) into three parts: 

(A^ (8 id)A^(x) - (id ® (A y + A^))A^(x) = (Fl) + (F2) + (F3), 

where 

(Fl) = ^{(a« >~ x + en -< x) <8> [ctj (8 h y bj — (aj y bi + aj -< bi) (8 &j + Cj (8 (&i >- dj 

+bi -< dj) — Cj -< fej <8> dj] + [aj >- (a« >- x + a« -< x) + aj -< (oj >- x + a« -< x)] 

®&j <8 

(F2) = ^{aj (8 [ctj y (x >- 6j) + a, -< (x >- bi)] <8 bj + a* (8 c,- -< (x >- k) <8 dj 

— aj (8 (aj >- x + en < x) y bj (8 h}; 
(F3) = ^{[fli <8 (aj >- bj) — (aj y a« + aj -< a,) <8 bj] <8 (x y bi) — a^ <8 aj (8 [(x >- bj) >- bj] 

—at <8 Cj <8 [(x >- bj) >- dj + (x >- bj) -< dj]}. 
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On the other hand, 

(Fla) = (R(x)<g)id®id)(r^ > i2*r^ ! i3) = '^2[( a i* a j)* x ®bi®bj] 

= y~^[aj >- {at y x + en -< x) + dj -< (oj >- x + a,i -< x)] <8 bj 8> bi\; 

(Fib) = (R(x) ®id® id) (r ^13 -< ry j23 ) = * x) <8 cj <8 (h -< dj)] 

i,j 

= y~][(aj >- x + a,i -< x) ® Cj <8 (bi -< dj)}; 
(Flc) = (R(x) ®id® id)(-r^23 >~ ^,12) = * ar) (8) (aj >~ bj) <8 b 

= ^[-(oj >- x + di -< x) 8> (aj >- bj) (8) bj]; 



j J 



(Fid) = (R(x) ®id® id) [r^,i 3 >- (r^, 23 + ry, 23 )] 

= ^{(a« >- x + Oj -< x) (8 [a,- <8 (bi y bj) + Cj (8 (6, >- dj)]}; 

(Fie) = (R(x) ® id ® id)[-(r ^23 + r y , 23) < r <jl2 ] 

= - ^{(a« >- x + aj -< x) <8 [(aj -< bj) <8 bj + (cj -< bi) <8 dj]}; 

(F2') = (r^ i23 + ry j23 ) < [(id ® (x) (8 *d)r^ 12 ] 

= ^ aj <8 [aj -< (x >- bi) <8 bj + Cj -< (x y bj)] (8 dj] 

(F3a) = (zd 8> id <8 (x)) (— r^ ; i 2 * ^,13) = ^ —a-i * aj <8 bj <8 (x y bj) 

= ^2 ~i( a i ^ a j + a i ^ a i) 8> bj (8 (x >- bj); 
(F3b) = (id(8id<8L^(x))(-r^ > i3 -< ry >23 ) = ^-[aj®Cj ®x y (bi -< dj)} 

i,3 

(F3c) = (zd8>id<8 L^(x))(r^ j23 >- r^ ii2 ) = ^[aj <8 (aj ^ bj) <8 (x >- bj)]; 

(F3d) = - [(id ®id®L y (x))r 13 ] y (ry j23 + ry j23 ) 

= — ^2 a i ® i a j ^ (x y h) y bj + Cj ® (x y bi) y dj]. 

It is obvious that 

(Fl) = (Fla) + (Fib) + (Flc) + (Fid) + (Fie), 

(F2) = (F2)', (F3) = (F3a) + (F3b) + (F3c) + (F3d). 
Therefore equation (4.3.10) holds if only if equation (4.3.7) holds. 

Combining Propositions 4.3.1 and 4.3.3, we obtain the following conclusion. 
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Theorem 4.3.4. Let (A, >-,-<) be a dendriform algebra and r y ,r^ G A © A. Then the linear 
maps Ay,A^ defined by equations (4.3.1) and (4.3.2) induce a dendriform algebra structure on 
A* such that (A, A*) is a dendriform D-bialgebra if and only if ry and r_< satisfy equations 
(4.3.3-4.3.5) and (4.3.10-4.3.12). 

Definition 4.3.5. A dendriform D-bialgebra (A, A*) is called coboundary if its structure is given 
by ry , ry £ A® A through Theorem 4.3.4. 

Theorem 4.3.6. Let (A,A*,Ay,A^,/3 y ,f3^) be a dendriform D-bialgebra. Then there is a 
canonical dendriform bialgebra structure on the direct sum A © A* of the underlying vector 
spaces of A and A* such that both the inclusions i\ : A — > A © A* and r 2 : A* — > A © A* 
into the two summands are homomorphisms of dendriform D-bialgebras, where the dendriform 
D-bialgebra structure on A* is given in Example 4.2.7. 

Proof. Let r = ^ e i ® e * € A © A* C (A © A*) © (A © A*) which corresponds to the identity 
map id : A — > A, where {ei, • • • , e n } is a basis of A and {ej, • • • , e* } is its dual basis. Suppose 
that the dendriform D-bialgebra structure 'V, -<" on A © A* is given by 

— /i CXI™ +R » r* R » r* +L , A . 

^A* ^A* ~^A* ^A* ^A* ~^A* 

Then we have (for any x,y £ A,a,b £ A*) 

x y y = x >~aV, x <y = x <aD, x y a = R* A (x)a - L* <At (a)x 
x -< a = —Ry A (x)a + L* A * (a)x, a >~ x = R* A * (a)x — L* <A (x)a, 
a ~< x = —Ry A , {o)x + L* A (x)a, a >~ b = a>- A *b, a <b = a^ A *b. 

If ry = r and ry = -r satisfies equations (4.3.3)-(4.3.5) and (4.3.10)-(4.3.12), then 

Ax>v,y{u) = (id®L(u)-R^(u)®id)(r y ), A vv ^(u) = (id(^>L < {u)-R(x)®id)(r < ), Vu G VV{A) 

can induce a dendriform D-bialgebra structure on VV{A). 
In fact, we have 

ry + ry = 0, ry + cr(ry) = ^(-e* © e* + e* © ej) 

i 

Therefore equation (4.3.4) holds automatically. By a similar proof as of Theorem 2.3.6, we show 
that equations (4.3.3) and (4.3.5) hold and 

ru * ri3 - ri3 -< r 23 - r 23 >- r 12 = -r 23 * r i2 + r 12 -< r 13 + n 3 >- r 23 

= -r i3 * r 23 + r 23 -< r i2 + n 2 >~ ry 3 = 0. 
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So equations (4.3.10)-(4.3.12) are satisfied. Hence W(A) is a dendriform D-bialgebra. Further- 
more, for e k £ A, we have 

&vv,A e k) = ^[ei®e k *e*-{ei<e k )®e*} = ^(e k ,e*ye*)e i ®e j = Ay{e k )] 

i i,j 

AoD,^(e fc ) = ^[-e, ®e k -< e* + (e* * e fc ) e*] = ^(e fc ,e* -<! e*)e; = A^(e fc ). 

Therefore the inclusion i± : A —> A (B A* is a homomorphism of dendriform D-bialgebras. 
Similarly, the inclusion i2 A* —■ A ® A* is also a homomorphism of dendriform D-bialgebras, 
where the dendriform D-bialgebra structure on A* is given in Example 4.2.7. □ 

Definition 4.3.7. Let (^4,^4*) be a dendriform D-bialgebra. With the dendriform D-bialgebra 
structure given in Theorem 4.3.6, A © A* is called a dendriform double of A. We denote it by 
VV(A). 

Corollary 4.3.8. Let (A, A*) be a dendriform D-bialgebra. Then the dendriform double T>D(A) 
of A is a dendriform D-bialgebra and the bilinear form to given by equation (1.4.1) is a Connes 
cocycle. 

At the end of this subsection, we would like to point out that, unlike the symmetry of 1- 
cocycles of A and A* appearing in the definition of a dendriform D-bialgebra (A, A*), it is 
not necessary that (3 is also a 1-coboundary of A* for a coboundary dendriform D-bialgebra 
(A,A*,A y ,A^,p y ,/3^), where A y , A^ are given by equations (4.3.1-4.3.2). 

4.4. D-equation and its properties. In this subsection, we consider some simple and special 
cases to satisfy the equations (4.3.3-4.3.5) and (4.3.10-4.3.12). 
At first, due to equation (4.3.3), we consider the condition 

r^ = r, 7y = -<r(r), r £ A ® A. (4.4.1) 

Corollary 4.4.1. Let (A, y, -<) be a dendriform algebra and r = ^ Oj <8> hi G A® A. Then 
the maps A^, A^ defined by equations (4.3.1) and (4.3.2) with 7y,r^ satisfying equation (4.4.1) 
induce a dendriform algebra structure on A* such that (^4,^4*) is a dendriform D-bialgebra if 
and only if r satisfies the following equations 

[P(x yy)- (id ® L y (x))P(y)](r - a(r)) = 0; (4.4.2) 

a(P(x))P(y)(r-a(r)) = 0; (4.4.3) 
(R{x) ® id® id -id® id® L^(x))[(r i2 * n 3 - r 13 -< r 32 - r 23 y r i2 ) 

+ ^(ai * x) ® P(bi)(r - a(r)) - en ® [P(x y h)(r - a(r))] = 0; (4.4.4) 

i 

(R^{x) ® id® id - id® id® L^(x))(-r 23 * r 2 i + r 2 i -< r i3 + r 3i y r 23 ) = 0; (4.4.5) 
(R^(u) ® id® id -id® id® L(u))(-r 3i * r 32 + r 32 -< r 2i + r i2 y r 3i ) 
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+ J^[P(6i)(r - a(r)) <g> x * a* - P{h -< x)(r - a(r)) ® Oi] = 0, (4.4.6) 

j 

where x,y £ A, P(x) = id® L y (x) — R^(x) <S> id. 

Remark 4.4.2. Let aus, 0"i32 : A®A<8)A-tA®A®Abe two linear maps given by 

0123(2 <®y®z) = z®x®y, ai 32 (x ®y®z) = y®z®x. V x,y,z G A. (4.4.7) 
Then we have 

(^23 * ^21 - r 2 i ~< ri 3 - r 3i >- r 23 ) = C7i 23 (ri 2 * J1 3 - r 13 -< r 32 - r 23 >- n 2 ); 
(^31 * ^32 - ^32 -< r 2 i - J"i2 >- r 3 i) = (Ji 32 (ri 2 * r i3 - r i3 -< r 32 - r 23 >~ r i2 ). 

Remark 4.4.3. We also can consider the case that ry + ry = as we have done in the proof 
of Theorem 4.3.6. Obviously, if in addition, ry = r is symmetric, then this case is as the same 
as the case satisfying equation (4.4.1). 

The simplest way to satisfy equations (4.4.2-4.4.6) is to assume that r is symmetric and 

ri2 * ri 3 = ri3 -< r 23 + r 23 y r 12 . (4.4.8) 

Corollary 4.4.4. Let (A, y, -<) be a dendriform algebra and r€:A®A. Suppose r is symmetric 
and r satisfies equation (4.4.8). Then the maps A^, A^ defined by equations (4.3.1) and (4.3.2) 
with ry = — r, ry = r induce a dendriform algebra structure on A* such that (A, A*) is a 
dendriform D-bialgebra. 

Definition 4.4.5. Let (A, y, -<) be a dendriform algebra and r € A ® A. Equation (4.4.8) is 
called D- equation in A. 

By Remark 4.4.2, when r is symmetric, the equivalent forms of D-equation are given as 

^23 * = r 12 -< n 3 + r i3 y r 23 ; or r i3 * r 23 = r 23 -< r 12 + r 12 y r 13 . (4.4.9) 
By a similar proof as of Proposition 2.4.4, we have the following conclusion. 

Proposition 4.4.6. Let (A, y, -<) be a dendriform algebra and r £ A® A be a symmetric solution 
of D-equation in A. Then the dendriform algebra structure and its associated associative algebra 
structure on the dendriform double VV(A) is given from the products in A as follows (for any 
x e A,a*,b* € A*). 

(a) a * ~< b* = -R* y (r(a*))b* + L*(r(b*))a*, a* y b* = R*(r(a*))b* - L* (r(6*))a* ; (4.4.10) 



(b) a* * b* = a* y b* + a* ~< b* = R*^(r{a*))b* + L* y (r{b*))a* ; (4.4.11) 

(c) x y a* = x y r(a*) - r(R*(x)a*) + R*(x)a*, 

x -4 a * = x -< r(a*) + r(R* y (x)a*) - R* y {x)a* ; (4.4.12) 

(d) x * a* = x * r(a*) - r(R*^(x)a*) + R\{x)a* ; (4.4.13) 
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(e) a* >- x = r(a*) y x + r(L*^(x)a*) - LZ,(x)a*, 
a* -< x = r(a*) -< x — r{L*{x)a*) + L*(x)a* ; 

(f) a* * x = r(a*) *x- r(L^(x)a*) + L* y (x)a* . 



(4.4.14) 
(4.4.15) 



Theorem 4.4.7. Let (A, y, -<) 6e a dendriform algebra and r G A <g> ^4. Suppose that r is 
symmetric and nondegenerate. Then r is a solution of D-equation in A if and only if the 
inverse of the isomorphism A* — > A induced by r, regarded as a bilinear form B on A (that is, 
B{x,y) = (r~ l x,y) for any x,y G A) satisfies 

B(x*y,z) = B(y,z -< x) + B(x,y y z), Vx,y,zeA. (4.4.16) 

Proof. Let r = £\ a. L <g> b, L . Since r is symmetric, r(y*) = J2i( v *' a i)bi = Y^ii v * i^i) a i f° r an y 
v* € A*. Since r is nondegenerate, for any x,y,z € A, there exist u*,v*,w* G A* such that 
x = r(u*),y = r(v*),z = r(w*). Therefore 

B(x *y,z) = (r(u*) * r(v*),w*) = ,bi)(v* ,bj)(w* ,Oj * a 3 ) = (w* ® u* ® u*, r i2 * ri 3 ); 

-! x) = (u*,r(«;*) -< r(u*)) = fo,)^*, a. ( -< a 3 -) = (w* ® u* ® v*,r 13 -< r 23 ); 

B(x,y y z) = (r(v*) y r(w*),u*) = ,h)(w* ,bj)(u* , aj ^ a,-) = (w* ® m* <8>w*,r 2 3 y nz). 

id 

Therefore B satisfies equation (4.4.16) if and only if r is a solution of D-equation in A . □ 

Definition 4.4.8. Let (A, >-,-<) be a dendriform algebra. A bilinear form B on A is called a 
2-cocycle if B satisfies equation (4.4.16). 

Remark 4.4.9. Let B be 2-cocycle on a dendriform algebra (^4, >-,-<). Then it is easy to 
show that co(x,y) = B{x,y) — B(y,x) (for any x,y G A) is a Connes cocycle of the associated 
associative algebra (A, *). On the other hand, B satisfies 

B(x ■ y, z) — B(x, y ■ z) = B(y ■ x, z) — B(y, x • z), V x,y, z G A, (4.4.17) 

where x ■ y = x y y — y ~< x for any x,y G A. Furthermore, (A, •) is a pre-Lie algebra (see 
subsections 5.2 and 5.3) and a bilinear form on a pre-Lie algebra A satisfying equation (4.4.17) 
is called a 2-cocycle on A ( |Ku2j ). Moreover, a pre-Lie algebra A over the real number field R 
is called Hessian if there exists a symmetric and positive definite 2-cocycle on A. In geometry, 
a Hessian manifold M is a flat affine manifold provided with a Hessian metric g, that is, g is 
a Remanning metric such that for any each point p G M there exists a C°°-function ip defined 
on a neighborhood of p such that gij = 9x ig x j ■ A Hessian pre-Lie algebra corresponds to an 
affine Lie group G with a G- invariant Hessian metric ( |Shj ). Therefore a symmetric and positive 
definite 2-cocycle on a real dendriform algebra can give a Hessian structure. 
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Corollary 4.4.10. Let (A, y A , <a) be a dendriform algebra and r £ A® A be a nondegenerate 
symmetric solution of D- equation in A. Suppose the dendriform algebra structure " >-a*-,<a* " 
on A* is induced by r through Proposition 4.4.6. Then we have 

a* y A * b* = r- 1 (r(a*) y A r(b*)), a* < A * b* = r - l (r(a*) < A r(b*)), Va*, b* G A*. (4.4.18) 

Therefore r : A* — > A is an isomorphism of dendriform algebras. 

Proof. The conclusion can be obtained by a similar proof as of Corollary 2.4.6. □ 

Theorem 4.4.11. Let (A, y, -<) be a dendriform algebra and r G A ® A be symmetric. Then r 
is a solution of D -equation in A if and only if r satisfies 

r(a*)*r(b*) = r(R*_ < (r(a*))b* + L* y (r{b*))a*), Va*,b*eA*. (4.4.19) 

Proof. The conclusion can be obtained by a similar proof as of Theorem 2.4.7. □ 

Combining Theorem 4.4.11 and Theorem 3.1.2, we have the following conclusion. 

Corollary 4.4.12. Let (A, y, -<) be a dendriform algebra and r G A® A be symmetric. Then r 
is a solution of D-equation in A if and only if r is an O-operator of the associated associative 
algebra {A,*) associated to (R\,Lt_). Therefore there is a dendriform algebra structure on A* 
given by 

a* y b* = 22*(r(a*))6* , a* -< b* = L* y (r(b*))a* , Va*,b*eA*. (4.4.20) 

It has the same associated associative algebra of the dendriform algebra on A* given by equation 
(4.4.11), which is induced by r in the sense of coboundary dendriform D-bialgebras. If r is 
nondegenerate, then there is a new compatible dendriform algebra structure on A given by 

x y' y = r{R* < {x)r^ l y), x -<' y = r(L*^{y)r~ l x), V x,y G A, (4.4.21) 

which is just the dendriform algebra structure given by 

B(x y' y,z) = B(y,z * x), B(x -<' y, z) = B(x,y * z), Vx,y,zeA, (4.4.22) 

where B is the symmetric 2-cocycle on A induced by r _1 . 

Theorem 4.4.13. Let (A, *) be an associative algebra and (I, r, V) be a bimodule. Let (r*,l*, V*) 
be the bimodule of A given by Lemma 2.1.2. Suppose that T : V — > A is an O-operator associated 
to (l,r,V). Then r = T + a(T) is a symmetric solution of the D-equation in T(V) x r *,o,o,z* V* , 
where T(V) C A is a dendriform algebra given by equation (3.1.4) and (r* ,0,0,/*) is a bimodule 
since its associated associative algebra T(V) is an associative subalgebra of A, and T can be 
identified as an element in T(V) V* C (T(V) x r *,o,cy* V*) (T(V) x r *,o,o,z* V*). 
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Proof. Let {e±, ■ ■ ■ , e n } be a basis of A. Let {v\, ■ ■ ■ , v m } be a basis of V and {vf, ■ ■ ■ , v^} be 

n 

its dual basis. Set T{vi) = Yl a ik^k-, i = 1, - ■ ■ ,m. Then 

k=l 

m m n 

T = Y J T{v i )®v* =J2J2 a * e *® v i ^T{V)®V* C (T(y) K r . )0l o,i. V*)®(T(V)K r *, 0,0,1* V*). 
i=i i=i fc=i 

Therefore we have 

m 

ri2 * ri 3 = i T ( v ^ * T ( w i) 181 v i ® v j + r*(T(vi))v] ® < <8> T(^) 

+i*(T(i) j )K«T(« i )®»;}i 

m 

ria -< r 23 = K ® w i ^ T ( u i) + T ( u *) u i r ( T (^))<} 

m 

T23 >" ^12 = 

On the other hand, we have 

Y r*(T( Vi ))v* ® < T(^) = £ w ; ® < ® T(r(T(^))^); 
i,j=l ij'=l 

£ r(T(^-))< ® ® «; = £ < ® t(/(t(^)M) ® 

i,j=l i,j=l 

J2T(vi)^v*®l*(T( Vj ))v* = ^T(Z(T(^))<)®i,*®<; 

i,j=l jj=l 

£ T(^) ® r*(T(vi))vj ® < = £ T(r(T(^))^) ® ® <. 
j,j=i j,j=i 

Since T is an 0-operator of A associated to (l,r,V) and 

T(u)yT(v)=T{l{T(u))v), T(u) <T(v) = T(r(T(v))u), Vu,veV, 
we show that r is a symmetric solution of the -D-equation in T(V) x r *,o,o,/* V*- ^ 

Remark 4.4.14. Roughly speaking, a symmetric solution of D-equation corresponds to the 
symmetric part of an O-operator, whereas an antisymmetric solution of associative Yang-Baxter 
equation corresponds to the antisymmetric part of an O-operator. 

Corollary 4.4.15. Let (A, >-,-<) be a dendriform algebra. Then 

n 

r = Y( e i ® e * + e *i ® e i) (4.4.23) 
i=l 

is a symmetric solution of the D-equation in A k_r^,o,o,l^ ^4*? where {e±, • • • , e n } is a basis of 
A and {e*, • • • , e*} is its dual basis. Moreover, r is nondegenerate and the induced 2-cocycle B 
on A x_r^,o,o,l^ A* is given by equation (1.1.1). 

Proof. Let V = A, I = L y , r = and T = id in Theorem 4.4.13. Then the conclusion follows 
immediately. □ 
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Remark 4.4.16. Comparing with Theorem 4.3.6, we show that (the non-symmetric) T = 

n 

e i ® e i induces a dendriform D-bialgebra structure on A Kr* : -l^,-r^,l* A*, whereas the 

i=l 

above (symmetric) r = T + a(T) induces a dendriform D-bialgebra structure on A x_r^,o,o,lj. A*. 

Recall that two Connes cocycles (A±,uji) and (^2,^2) are isomorphic if and only if there 
exists an isomorphism of associative algebras 92 : A\ — > A2 such that 

ui(x,y) = (p*u 2 {x,y) = u) 2 {<p{x) , ip(y)) , Vx, y £ A±. (4.4.24) 

By a similar proof as of Theorem 2.4.9, we have the following conclusion. 

Theorem 4.4.17. Let (A, y, -<) be a dendriform algebra. Then as Connes cocycles of as- 
sociative algebras, the double construction of Connes cocycle (or the dendriform D-bialgebra) 
(T(A) = A cxi A*,oj) given by a symmetric solution r of D- equation in A is isomorphic to the 
double construction of Connes cocycle (or the dendriform D-bialgebra) (T(A) = Ak.r* l*A* ,lu), 
where u is given by equation (1.4.1). However, in general, they are not isomorphic as double 
constructions of Connes cocycles (or dendriform D-bialgebras). 

Corollary 4.4.18. Let (A, >-,-<) be a dendriform algebra. Then as Connes cocycles of as- 
sociative algebras, the double constructions of Connes cocycles given by all symmetric solu- 
tions of D-equation in A are isomorphic to the double construction of Connes cocycle (T(A) = 
A x_r*, ; l^ A*,uj) given by the zero solution. 

5. Comparison (duality) between bialgebra structures 

5.1. Comparison (duality) between antisymmetric infinitesimal bialgebras and den- 
driform D-bialgebras. 

The results in the previous sections allow us to compare antisymmetric infinitesimal bialgebras 
and dendriform D-bialgebras in terms of the following properties: 1-cocycles of associative alge- 
bras, matched pairs of associative algebras, associative algebra structures on the direct sum of 
the associative algebras in the matched pairs, bilinear forms on the direct sum of the associative 
algebras in the matched pairs, double structures on the direct sum of the associative algebras 
in the matched pairs, algebraic equations associated to coboundary cases, nondegenerate solu- 
tions, O-operators of associative algebras and constructions from dendriform algebras. We list 
the them in Table 1. From this table, we observe that there is a clear analogy between them and 
in particular, double constructions of Frobenius algebras correspond to double constructions of 
Connes cocycles in this sense. Moreover, due to the correspondences between certain symmetries 
and antisymmetries appearing in the Table 1, we regard it as a kind of duality. 

Next we consider the case that a dendriform D-bialgebra is also an antisymmetric infinitesimal 
bialgebra. 
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Table 1. Comparison between antisymmetric infinitesimal bialgebras and den- 
driform D-bialgebras 



Algebras 


Antisymmetric 
infinitesimal bialgebras 


Dendriform D-bialgebras 


1-cocycles of associative algebras 


(id ®L,R® id) 


(id <S> Ly, Rtgiid), 
(id <g> L,R^® id) 


Matched pairs of associative 
algebras 


(A, A , R a, L A, R At , L a,) 


(A, A* , R*^ , R* H L* y ) 


Associative algebra structures on 
the direct sum of the associative 
algebras in the matched pairs 


double constructions 
of Frobenius algebras 


double constructions 
of Connes cocycles 


Bilinear forms on 
the direct sum of the associative 
algebras in the matched pairs 


symmetric 


antisymmetric 


(x + a*,y + b*) 
= (x,b*) + {a*,y) 


(x + a*,y + b*) 
= -{x,b*) + (a*,y) 


invariant 


Connes cocycles 


Double structures on 
the direct sum of the associative 
algebras in the matched pairs 


associative doubles 


dendriform doubles 


Algebraic equations associated 
to coboundary cases 


antisymmetric solutions 


symmetric solutions 


associative Yang-Baxter 
equations 


D-equations in dendriform 
algebras 


Nondegenerate solutions 


Connes cocycles of 
associative algebras 


2-cocycles of dendriform 
algebras 


0-operators of associative algebras 


associated to (R*,L*) 


associated to (Rt,L^) 


antisymmetric parts 


symmetric parts 


Constructions from 
dendriform algebras 


n 

r = Yl ( e i ® e* - e* <g> e,) 
i=i 


n 

r = Y.( e i® e i + e i ® e i) 
i=l 


induced bilinear forms 

(x + a*,y + b*) 
= -(x,b*) + (a*,y) 


induced bilinear forms 
(x + a*,y + b*) 
= (x,b*) + (a*,y) 



Theorem 5.1.1. Let (A, A*, A y , A^, (3 y , (3^) be a dendriform D-bialgebra. Then (A, A*) is an 
antisymmetric infinitesimal bialgebra if and only if the following two equations hold: 

(L*^(b*)y,L* <A (x)a*) = (^.(a*)x,^(y)6*); (5.1.1) 
(L*^(b*)y,R* yA (x)a*) + (L^. (a*)x, K A (y)b*) 

= {Rt Am (b*)x,L% A (y)a*) + {l£ Am (a*)y,L% A (x)b*), (5.1.2) 
for any x, y G A*, a*,b* G A* . 

Proof. The conclusion can be obtained by a similar proof as of Proposition 2.2.2. □ 

Corollary 5.1.2. Let (A, y, -<) be a dendriform algebra andr G A® A be a symmetric solution of 
D-equation in A. Suppose the dendriform algebra structure on A* is induced by r from equation 
(4.4.11). Then (A, A*) is an antisymmetric infinitesimal bialgebra if and only if the following 
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two equations hold: 

(y -<a (x >~a r(a*))-y*Ar(K A (x)a*),b*) = (r(L^ A (y)b*)* A x- (r(b*) -< A y) y x,a*); (5.1.3) 

(y -<a (r(a*) ^ A x) - (y K4 r(a*)) x + r(i2^ A (y)o*) *a a - y *A r(L!, A (x)a*), 6*) 
= {-x -<a (r(6*) ^a y) + (x >-a r(6*)) ^a J/-r(^ A (x)a*)*Aj/ + a;*Ar(L^ A (j/)a*),o*), (5.1.4) 
/or any x,y £ A and a* 

Corollary 5.1.3. Lei (A, A*, A y , A^, /3^) be a dendriform D-bialgebra. If equations (5.1.1- 

R* L* 

5.1.2) are satisfied, then there are two associative algebra structures A IXd* a ' T* A A* and 

~^A* ' ^ A* 

R* L* 

A\x\r>*' A* on the direct sum A(B A* of the underlying vector spaces of A and A* such that 
both A and A* are associative subalgebras and the bilinear form given by equation (1.4.1) is a 

R* L* 

Connes cocycle on A >^ R * A ' A* and the bilinear form given by equation (1.1.1) is invariant 

-< A * ' >~ A* 

on A A* . Moreover, These two associative algebras are not isomorphic in general. 

Example 5.1.4. Let (A, *a) be an associative algebra and w be a Connes cocycle on (A, * A )- 
Then there is an antisymmetric infinitesimal bialgebra whose associative algebra structure on 
A* is given by a nondegenerate solution r of associative Yang-Baxter equation as follows. 

A(x) = (id ® L(x) - R(x) ® id)r, Vx £ A, (5.1.5) 

where r : A* — > A is given by uj(x, y) = (r^ 1 (x),y). On the other hand, there exists a compatible 
dendriform algebra structure Vx, -<a" on A given by equation (4.1.1), that is, 

uj(x y A y,z) = uj(y,z *a x), u(x -< A y,z) = u;(x,y * A z), Vx,y,z£A. (5.1.6) 

Moreover, there exists a compatible dendriform algebra structure on the associative algebra A* 
given by 

a* y A * b* = r- x (r(a*) y A r(b*)), a* < A * b* = r~ 1 (r(a*) < A r(b*)), V a*, b* £ A. (5.1.7) 
Furthermore, it is easy to show that 
Ll A (x)a* = r-\r(a*) * A x), K A (x)a* = -r~\x < A r(a*% L*^ A (x)a* = -r" 1 (r(a*) y A x), 
R^Jxja* = r _1 (x * r(a*)), Ly At (a*)x = x* A r(a*), R*y A , (a*)x = -r(a*) < A x, 
L^ At (a*)x = -x >~ a r(a*), R* <A , (a*)x = r(a*) * A x, V x £ A,a* £ A*. (5.1.8) 
Therefore according to Theorem 4.2.4, (A, A*) (as dendriform algebras) is a dendriform D- 
bialgebra if and only if (A, A*,R^ A , L^ A , RZ> A * , £>L A * ) a matched pair of associative algebras, if 
and only if A is 2-step nilpotent, that is, x *a V *A z = for any x,y,z £ A. In this case, by 
equation (5.1.6), we show that it is equivalent to 

x r- a (y >-az) = x -<a (y <az) = x >~ A (y <A z) = 0, V x,y,z £ A. (5.1.9) 
Therefore, under such conditions, equations (5.1.1-5.1.2) hold naturally. 
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5.2. Duality in the version of Lie algebras: Lie bialgebras and pre-Lie bialgebras. 

There is a similar duality in the version of Lie algebras which was given in [Bai2|. In order 
to be self-contained, we give a brief introduction in this subsection. We would like to point 
out that, although we give the Lie bialgebras and pre-Lie bialgebras as the similar structures 
of antisymmetric infinitesimal bialgebras and dendriform D-bialgebras here, in fact, it is the 
Manin triples (Lie bialgebras) that have been first studied and then motivate us to study the 
other structures. 

There are two kinds of important (nondegenerate) bilinear forms on Lie algebras as follows. 
A bilinear form B( , ) on a Lie algebra A is invariant if 

B{[x,y],z) = B(x,[y,z}), V x,y e A. (5.2.1) 

A 2-cocycle (symplectic form) on a Lie algebra A is an antisymmetric bilinear from uj satisfying 

u([x,y],z) + u([y,z],x) + uj([z,x],y) = 0, Mx,y,z^A. (5.2.2) 

Moreover, the algebras play a similar role of dendriform algebras in the double constructions 
of Frobenius algebras and Connes cocycles are pre-Lie algebras. In fact, pre-Lie algebras (or 
under other names like left-symmetric algebras, quasi-associative algebras, Vinery algebras and 
so on) are a class of natural algebraic systems appearing in many fields in mathematics and 
mathematical physics (see a survey article |Bu| and the references therein). 

Definition 5.2.1. Let A be a vector space over a field F with a bilinear product (x,y) — > xy. 
A is called a pre-Lie algebra if 

{xy)z — x{yz) = {yx)z — y{xz), \/x,y,z&A. (5.2.3) 

Let A be a pre-Lie algebra. For any x,y £ A, let L{x) and R(x) denote the left and right 
multiplication operator respectively, that is, L(x)(y) = xy, R(x)(y) = yx. Let L : A — > &l(A) 
with x — > L(x) and R : A — > Ql(A) with x — > R(x) (for every x € A) be two linear maps. 
For a Lie algebra G, we let ad(x) denote the adjoint operator, that is, &d(x)y = [x,y], and 
ad : Q — > gl(G) with x — > ad(x) be a linear map. 

Proposition 5.2.2. Let A be a pre-Lie algebra. 

(1) The commutator 

[x,y] = xy -yx, V x,y G A, (5.2.4) 
defines a Lie algebra Q{A), which is called the sub-adjacent Lie algebra of A and A is also called 
a compatible pre-Lie algebra structure on the Lie algebra G(A). 

(2) The map L : A gl(A) gives a representation of the Lie algebra G(A). 

Proposition 5.2.3. ( [Chu| ) Let G be a Lie algebra and uj be a nondegenerate 2-cocycle on 
G (such a Lie algebra called a symplectic Lie algebra). Then there exists a compatible pre-Lie 
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algebra structure on Q defined by 

u(x * y, z) = — cj(y, [x,z]), M x,y,z eQ. (5.2.5) 

Next we give the "double constructions" of Lie algebras with nondegenerate invariant bilinear 
forms or nondegenerate 2-cocycles. In fact, both of them have their own (independent) interests 
in many fields. 

At first, recall that (G, H, p, p,) is a matched pair of Lie algebras if Q and H are Lie algebras 
and p : Q — > Qi{%) and p : % — > Ql(G) are representations satisfying 

p(x)[a, b] — \p(x)a, b] — [a, p(x)b] + p{p{a)x)b — p{p{b)x)a = 0; (5.2.6) 

p(a) [x, y) - [p(a)x, y) - [x, p{a)y] + p(p(x)a)y - p{p(y)a)x = 0, (5.2.7) 

for any x,y G Q and a, 6 £ H. In this case, there exists a Lie algebra structure on the direct 
sum Q © % of the underlying vector spaces of Q and H given by 

[x + a, y + 6] = [x, y] + /x(a)j/ - p(b)x + [a, 6] + p(x)b - p(y)a, Vx, y £ Q,a,b £ H. (5.2.8) 

We denote it by Q cxi^ or simply Q \xiT~L. Moreover, every Lie algebra which is the direct sum 
of the underlying vector spaces of two subalgebras can be obtained from a matched pair of Lie 
algebras as above. 

Definition 5.2.4. Let Q be a Lie algebra. Suppose that there is a Lie algebra structure on the 
direct sum of the underlying vector spaces of Q and its dual space Q* such that Q and Q* are 
Lie subalgebras. 

(a) If the natural symmetric bilinear form on Q © Q* given by equation (1.1.1) is invariant, 
then {Q txi G*,G,G*) is called a (standard) Manin triple. 

(b) If the natural antisymmetric bilinear form on G © G* given by equation (1.4.1) is a 2- 
cocycle, then it is called a phase space of the Lie algebra G ( |Kul| ). (£/ txj £/*, G, G*) is also called 
a parakdhler structure on the Lie algebra G X G* ( [Kanj ) . 

For a Lie algebra G and a representation (p, 1/) of G, recall that a 1-cocycle T associated to 
p (denoted by (p,T)) is a linear map from G to V satisfying 

T([x,y}) = p(x)T(y) - p(y)T(x), Vx,yG^. (5.2.9) 

Definition 5.2.5. (a) Let G be a Lie algebra. A Lie bialgebra structure on G is an antisymmetric 
linear map 5 : G — > G <8> such that 5* : ty* © £/* — >• ty* is a Lie bracket on G* and (5 is a 1-cocycle 
of G associated to ad © id + id © ad with values in G © G- We denote it by (G, G*) or ((?, 5). 

(b) Let A be a vector space. A pre-Lie bialgebra structure on A is a pair of linear maps (A, f3) 
such that A : A -> A © A, f3 : A* ->■ A* © A* and 

(1) A* : A* © j4* — > A* defines a pre-Lie algebra structure on A*; 

(2) j3* : A © A — ► A defines a pre-Lie algebra structure on ^4; 
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(3) A is a 1-cocycle of G(A) associated to L ® id + id (g) ad with values in A <8> A; 

(4) j3 is a 1-cocycle of <5(A*) associated to L ® id + id (g) ad with values in A* <g) A*. 
We denote it by (A, A*, A, ft) or simply (A^*)- 

Theorem 5.2.6. (a) Let (G, [ , ]g) and (Q*, [ , ]g*) be two Lie algebras. Then the following 
conditions are equivalent: 

(1) {Q to G*,G,G*) is a standard Manin triple with the bilinear form (1.1.1); 

(2) (Q, Q*, &dg, adg*) is a matched pair of Lie algebras; 

(3) (G, G*) is a Lie bialgebra. 

(b) Let (A, •) and (A*, o) be two pre-Lie algebras. Then the following conditions are equivalent: 

(1) (G(A) cxi G(A)*, G(A), G{A*)) is a parakahler Lie algebra with the bilinear form (1.4.1). 

(2) (G(A), G(A*), L*, LI) is a matched pair of Lie algebras; 

(3) (A, A*) is a pre-Lie bialgebra. 

In fact, a Lie bialgebra is the Lie algebra G of a Poisson-Lie group G equipped with additional 
structures induced from the Poisson structure on G and a Poisson-Lie group is a Lie group 
with a Poisson structure compatible with the group operation in a certain sense. Poisson-Lie 
groups play an important role in symplectic geometry and quantum group theory (cf. [D] and 
the references therein). On the other hand, in geometry, a parakahler manifold is a symplectic 
manifold with a pair of transversal Lagrangian foliations ([E]). A parakahler Lie algebra G is 
the Lie algebra of a Lie group G with a G- invariant parakahler structure ([Kan]). 

We have already obtained many properties of Lie bialgebras and pre-Lie algebras which are 
similar to our study in the previous sections. We put them in the Appendix and we compare 
pre-Lie bialgebras and Lie bialgebras in terms of their certain properties in Table 2. From Table 
2, we observe that there is also a clear analogy between them and in particular, due to the 
correspondences between certain symmetries and antisymmetries appearing in the analogy, we 
can regard it as a kind of duality again which is similar to the duality appearing in the Table 1. 

5.3. Relationships among four bialgebras. 

Proposition 5.3.1. ( [Chalj . [A2] ) Let (A, >-,-<) be a dendriform algebra. Then there is a 
pre-Lie algebra structure on (A, •) given by 

x ■ y = x y y — y < x, Vx, y G A. (5.3.1) 

Corollary 5.3.2. Let (A, y, -<) be a dendriform algebra. Then the sub-adjacent Lie algebra of 
the pre-Lie algebra (A, •) given by equation (5.3.1) is as the same as the commutator Lie algebra 
of the associated associative algebra (A,*), that is, 

[x,y] = x * y — y * x = x ■ y — y-x = x>-y-\-x^y — y >- x — y < x, Vx, y G A. (5.3.2) 
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Table 2. Comparison between Lie bialgebras and pre-Lie bialgebras 



Algebras 


Lie bialgebras 


Pre-Lie bialgebras 


Corresponding Lie groups 


Poisson-Lie groups 


parakahler Lie groups 


1-cocycles of Lie algebras 


id (g) ad + ad <g> id 


L id + id <g> ad 


Matched pairs of Lie algebras 


(Q, Q* ,&dg,adg») 


(G(A),g(A*),L* A ,L%) 


Lie algebra structures on 
the direct sum of the Lie 
algebras in the matched pairs 


Manin triples 


phase spaces 


Bilinear forms on 
the direct sum of the Lie 
algebras in the matched pairs 


symmetric 


antisymmetric 


(x + a\y + b*} 
= (x,b*} + (a*,y) 


{x + a*,y + b*} 
= -(x,b*} + (a*,y) 


invariant 


2-cocycles 


Double structures on 
the direct sum of the Lie 
algebras in the matched pairs 


Drinfeld doubles 


symplectic doubles 


Algebraic equations associated 
to coboundary cases 


antisymmetric solutions 


symmetric solutions 


classical Yang-Baxter 
equations in Lie algebras 


S-equations in pre-Lie 
algebras 


Nondegenerate solutions 


2-cocycles of Lie algebras 


2-cocycles of pre-Lie 
algebras 


symplectic structures 


Hessian structures 


O-operators of Lie algebras 


associated to ad* 


associated to L* 


antisymmetric parts 


symmetric parts 


Constructions from 
pre-Lie algebras 


n 

r= E( e « ® e* - e* <g> e { ) 


n 

r = EOi ®ej + ej®ei) 
i=i 


induced bilinear forms 
(x + a*,y + b*) 
= -(x,b*) + (a*,y) 


induced bilinear forms 

{x + a*,y + b*) 
= (x,b*) + (a*,y) 



Therefore, as Chapoton pointed out in |Chalj (also see |A2| . [A4j . |EMP] ) . there is the 
following commutative diagram of categories. 

dendriform algebras — > pre-Lie algebras 

associative algebras — > Lie algebras 

In this diagram, the left vertical arrow is given by equation (3.1.2), the top horizontal arrow 
is given by equation (5.3.1), the bottom arrow is given by equation (5.2.4) since an associative 
algebra is a special pre-Lie algebra and the right vertical arrow is given by equation (5.2.4). 

Obviously, if a symmetric or antisymmetric bilinear form on an associative algebra is invariant 
or a Connes cocycle respectively, then it is also invariant or a 2-cocycle on the commutator Lie 
algebra respectively,. 



Theorem 5.3.3. (1) A double construction of Frobenius algebra gives a standard Manin triple 
(on the commutator Lie algebra) naturally. 
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(2) A double construction of Connes cocycles gives a parakahler Lie algebra (on the commu- 
tator Lie algebra) naturally. 

Corollary 5.3.4. (1) Any antisymmetric infinitesimal bialgebra is a Lie bialgebra (in the sense 
of its commutator Lie algebra). 

(2) Any dendriform D-bialgebra is a pre-Lie bialgebra (in the sense of equation (5.3.1)). 

Corollary 5.3.5. We have the following relationship among the antisymmetric infinitesimal 

bialgebras, dendriform algebras, Lie bialgebras and pre-Lie bialgebras. 

dendriform D-bialgebras pre-Lie bialgebras 

£ dual £ dual 

antisymmetric infinitesimal bialgebras Lie bialgebras 

The £ means that the duality given in subsections 5.1 and 5.2 and the means the inclusion 
in the sense of Corollary 5.3.4. 

Remark 5.3.6. The conclusion (1) in Corollary 5.3.4 and the relation given by the bottom ^ 
in the above diagram were also pointed out in [A3] . 

Corollary 5.3.7. Let (A, A*, Ay, A^, (3y, be a dendriform D-bialgebra. If equations (5.1.1- 
5.1.2) hold, then (^4,^4*) is an antisymmetric infinitesimal bialgebra. (^4,^4*) is also a pre- 
Lie bialgebra in the sense of equation (5.3.1). Furthermore, as the commutator Lie algebras, 
{Q{A),Q(A)*) is a Lie bialgebra. Therefore, there is an associative algebra structure and a 
Lie algebra structure on the direct sum A © A* of the underlying space of A and A* such that 
the natural symmetric bilinear form given by equation (1.1.1) is invariant on both of them and 
the natural antisymmetric bilinear form given by equation (1-4.1) is a Connes cocycle on the 
associative algebra and a 2-cocycle on the Lie algebra. Moreover, under such a condition, there 
is the following commutative diagram in an obvious way. 

dendriform D-bialgebras pre-Lie bialgebras 

antisymmetric infinitesimal bialgebras Lie bialgebras 
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Appendix: Some properties of Lie bialgebras and pre-Lie bialgebras 

In this appendix, we list some properties of Lie bialgebras and pre-Lie bialgebras. Most of 
the results can be found in [Bai2] and the references therein. 
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Proposition Al. (a) Let (G,G*) be a Lie bialgebra. Then there is a canonical Lie bialgebra 
structure on G ® G* such that the inclusions i\ : G — > G © G* and i 2 : G* — > G © G* into the 
two summands are homomorphisms of Lie bialgebras, where the Lie bialgebra structure on G* is 
given by —5g*. Such a structure is called a classical (Drinfeld) double of G- 

(b) Let (A, A* , A, (3) be a pre-Lie bialgebra. Then there is a canonical pre-Lie bialgebra 
structure on A® A* such that both the inclusions i\ : A — > A® A* and i2 : A* — > A © A* into the 
two summands are homomorphisms of pre-Lie bialgebras. Such a structure is called a symplectic 
double of A. 

Definition A2. (a) A Lie bialgebra (G, 5) is called coboundary if 5 is a 1-coboundary of G 
associated to ad © id + id © ad, that is, there exists a r G G © G such that 

6(x) = (ad(x) ® id + id ® &d(x))r, Vx G G- (Al) 

(b) A pre-Lie bialgebra (A, A*, A, (3) is called coboundary if A is a 1-coboundary of G(A) 
associated to L ® id + id® ad, that is, there exists a r G A © A such that 

A{x) = (L(x) © id + id © adx)r, Vx G A. (A2) 

Theorem A3, (a) Let G be a Lie algebra and r G G © G- Then the map 5 : G — > G © G 
defined by equation (Al) induces a Lie bialgebra structure on G if and only if the following two 
conditions are satisfied (for any x G G): 

(1) (ad(x) ®id + id® ad(x))(r + a(r)) = 0; 

(2) (ad(x) © id® id + id® ad(x) © id + id® id® ad(x))([ri 2 , r 13 ] + [r i2 , r 2 z] + [^13,^23]) = 0. 
(b) Let A be a pre-Lie algebra and r G A® A. Then the map A defined by equation (A2) 

induces a pre-Lie algebra structure on A* such that (A, A*) is a pre-Lie bialgebra if and only if 
the following two conditions are satisfied (for any x,y G A): 

(1) [P(x-y)-P(x)P(y)}(r-a(r)) = 0; 

(2) Q(x)[[r,r}}=0, 

where Q(x) = L(x) © id® id + id® L{x) ® id + id® id® adx, P{x) = L{x) ®id + id® L(x) and 
[[r, r]] = ri 3 • r 12 - r 23 ■ r 2 i + [r 23 , r 12 ] - [r 13 , r 21 ] - [r 13 , r 23 }. (A3) 

Corollary A4. (a) Let G be a Lie algebra and r G G®G ■ If r is antisymmetric and r satisfies 

[ri2,r 13 ] + [7-12, r 23 ] + [ri 3 , r 23 ] = 0, (A4) 

then the map 5 : G — > G ® G defined by equation (Al) induces a Lie bialgebra structure on G ■ 

(b) Let A be a pre-Lie algebra and r G A ® A. Suppose that r is symmetric. Then the map 
A defined by equation (A2) induces a pre-Lie algebra structure on A* such that (A, A*) is a 
pre-Lie bialgebra if 

-ri2 ■ n 3 + r 12 ■ r 23 + [r 13 , r 23 ] = 0. (A5) 
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Definition A5. (a) Let Q be a Lie algebra and r G Q ® Equation (A4) is called classical 
Yang- Baxter equation in Q. 

(b) Let A be a pre-Lie algebra and r G A ® A. Equation (A5) is called S-equation in A. 

Let Q be a Lie algebra and p : £/ — > gt(V) be its representation. Recall that a linear map 
T : V — > (? is called an O-operator of £ associated to p if T satisfies 

[T(u),T(u)] = T(p(T{u))v - p(T(v))u),Vu,v G V. (A6) 

Proposition A6. (a) Let Q be a Lie algebra and r G Q <g> Q. 

(1) Suppose r is antisymmetric and nondegenerate. Then r is a solution of classical Yang- 
Baxter equation in Q if and only if the isomorphism Q* Q induced by r, regarded as a bilinear 
form on Q is a 2-cocycle on Q. 

(2) Suppose r is antisymmetric. Then r is a solution of classical Yang-Baxter equation in Q 
if and only if r is an O-operator of Q associated to ad* ; that is, r satisfies 

[r(a*),r{b*)} = r(ad*(r(a*))6* - ad*(r(6*))a*), \/a*,b*eQ*. (A7) 

(b) Let A be a pre-Lie algebra and r € A A. 

(1) Suppose that r is symmetric and nondegenerate. Then r is a solution of S-equation in A 
if and only if the inverse of the isomorphism A* — > A induced by r, regarded as a bilinear form 
B on A is a 2-cocycle on A (see equation (4.4.17)j. 

(2) Suppose that r is symmetric. Then r is a solution of S-equation in A if and only if r is 
an O-operator of Q(A) associated to L* , that is, r satisfies 

[r(a*),r{b*)] = r(L*(r(a*))b* - L*(r(b*))a*), Va*, b* G A*. (A8) 

Lemma A7. Let Q be a Lie algebra and p : Q — >■ flt(V) be a representation. Let T : V —> Q be 
an O-operator associated to p. Then the product 

u o v = p{T{u))v, Vu,veV (A9) 

defines a pre-Lie algebra structure on V. Therefore V is a Lie algebra as the sub-adjacent 
Lie algebra of this pre-Lie algebra and T is a homomorphism of Lie algebras. Furthermore, 
T(y) = {T(v)\v G V} C Q is a Lie subalgebra of Q and there is an induced pre-Lie algebra 
structure on T(V) given by 

T(u) ■ T(v) = T(u ov) = T(p(T(u))v), Vu,v£V. (AW) 

Moreover, its sub-adjacent Lie algebra structure is just the Lie subalgebra structure of Q and T 
is a homomorphism of pre-Lie algebras. 
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Proposition A8. Let Q be a Lie algebra and p : Q — > 0l(V) be a representation. Let 
p* : Q — > flt(P r *) &e i/ie ohza£ representation of p. 

(a) A linear map T : V —> Q is an O -operator of Q associated to p if and only if r = T — a{T) 
is an antisymmetric solution of the classical Yang-Baxter equation in Q ix p * V* . 

(b) Let T : V —> Q be an O-operator associated to p. Then r = T + o~(T) is a symmetric 
solution of the S -equation in T(V) Xp*,o V* , where T(V) C Q is a pre-Lie algebra given by 
equation (A1Q) and (p*,0) is a bimodule since its sub-adjacent Lie algebra Q(T(V)) is a Lie 
subalgebra of Q, and T can be identified as an element in T(V) ® V* C (T(V) K p * ; o V*) <S> 
(T(V) K p ., V*). 

Proposition A9. Let (A,-) be a pre-Lie algebra. Let {ei,-- - ,e n } be a basis of A and 
{e*, • • • , e* } be its dual basis. 

(a) r given by equation (2.5.3) is an antisymmetric solution of the classical Yang-Baxter 
equation in Q{A) Kl* Q(A)* . Moreover, r is nondegenerate and the induced 2-cocycle B of 
Q{A) Kl* G(A)* is given by equation (1.4.1). 

(b) r given by equation (4.4.23) is a symmetric solution of the S-equation in A Kl*,o A*. 
Moreover, r is nondegenerate and the induced 2-cocycle B of A Kl*,o A* is given by equation 
(1.1.1). 

Theorem A10 Let (A, A*, A, /3) be a pre-Lie bialgebra. Then (Q(A),Q(A*)) is a Lie bialgebra 
if and only if 

{R*(x)a*,R* (b*)y) + (R*(x)b*, R* (a*)y) = {R*(y)b* , R* Q (a*)x) + {R*(y)a* , R* (b*)x), (All) 
for any x,y G A* , a* , b* £ A* . 
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